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Law of Large Numbers for Semi- Markov 

inhomogeneous Random Evolutions on 

Banach spaces 

N. Vadori* and A. Swishchuk^ 

Abstract: Using backward propagators, we construct inhomogeneous Ran- 
dom Evolutions on Banach spaces driven by (uniformly ergodic) Semi- 
Markov processes. After studying some of their properties (measurability, 
continuity, integral representation), we establish a Law of Large Numbers 
for such inhomogeneous Random Evolutions, and more precisely their weak 
convergence - in the Skorohod space D - to an inhomogeneous semigroup. 
A martingale characterization of these inhomogeneous Random Evolutions 
is also obtained. Finally, we present applications to inhomogeneous Levy 
Random Evolutions. 
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Notations to be used throughout the paper: 

• N, N*: non negative integers, positive integers 

• R, R*, R + , R + *: real numbers, non zero real numbers, non negative real numbers, 
positive real numbers 

• L(E,F)(iesp. B(E,F)): the space of linear (resp. bounded linear) operators 
J3-+ F 

• Bor(E): Borel sigma-algebra on E 

• C n (E) (resp. C£(E), Cq(E)): continuous (resp. continuous bounded, continuous 
vanishing at infinity) functions E — > R such that the n th derivative is in C(E) 
(resp. C b (E), C (E)) 

• L F E (yi, J-", P): quotient space of T — Bor(E) measurable functions Q — > E s.t. 
/ n ||/||*dP<oo 

• Be(Q, J~) (resp. B%(Q., J-)): the space of T — Bor(E) measurable (resp. measur- 
able bounded) functions fl — > E 

• D(J, E) the Skorohod space of RCLL (right-continuous with left limits) functions 
J -¥ E (J e Bor{ 
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• V(E): family of Borel probability measures on E 

• C(X\V) (or C(X) if there is no ambiguity): Law of X, i.e. P o X' 1 

a e P 

• —¥\ — », =>■: convergence resp. a.e., in probability, in distribution. 

• t e,s :— s + e(t — s) (section 4 and Appendix only) 

• \E\: cardinal of E 

• d: Skorohod metric (see [4], chapter 3, equation 5.2) 

1. Introduction 

Random Evolutions began to be studied in the 1970's, because of their potential appli- 
cations to biology, movement of particles, signal processing, quantum physics, finance 
& insurance, etc. (see [5], [8], [9]). As R. Hersh says in [8]: "Random evolutions model 
a situation in which an evolving system changes its law of motion because of random 
changes in the environment" . These random changes are usually modeled by jump pro- 
cesses, because they aim at modeling the fact that the system moves from some state 
to another, for example a stock that switches between different volatilities. In 1972, T. 
Kurtz established a Law of Large numbers for Random Evolutions constructed with 
homogeneous semigroups ([14]). Following this work, J. Watkins published a very in- 
teresting paper ([27]), followed by two more ([28], [29]) in which, using a martingale 
characterization of the Random Evolution, he established a Central Limit Theorem for 
Random Evolutions constructed with i.i.d. generators of (homogeneous) semigroups 
under some technical assumptions, especially on the dual of the Banach space. Later, 
A. Swishchuk and V. Korolyuk established a Law of Large Numbers and a Central 
Limit theorem for Random Evolutions driven by (uniformly ergodic) Semi-Markov 
processes ([24], [25] chapter 4, [17]) in which the switching between the different (ho- 
mogeneous) semigroups occurs at the jump times of a semi-Markov process. 

To the best of our knowledge, only homogeneous Random Evolutions have been studied 
as of today, i.e. Random Evolutions constructed with homogeneous semigroups. In this 
paper, we consider Random Evolutions constructed with backward inhomogeneous 
semigroups (3.1), also called backward propagators or backward evolution systems in 
the literature (e.g. [19] chapter 5, [6] chapter 2) and driven by (uniformly ergodic) Semi- 
Markov processes. We choose the backward case for practical reasons: for example the 
Chapman-Kolmogorov equation is backward in time. In this paper we present several 
new results: 

1. In sections 2 and 3, we study some general properties of inhomogeneous semi- 
groups and construct inhomogeneous Random Evolutions. These sections are 
mainly related to functional analysis but we need them to prove the main law of 
large numbers result of section 4, especially the characterization of inhomoge- 
neous semigroups as a unique solution to a well-posed Cauchy problem (2.10), 
a second order Taylor formula for inhomogeneous semigroups (2.13) and the 
forward integral representation for inhomogeneous Random Evolutions (3.4). 

2. In section 4 we establish our main result (4.19), that can be thought of as a law 
of large numbers for inhomogeneous Random Evolutions driven by uniformly 
ergodic Semi-Markov processes: we index the inhomogeneous Random Evolution 
by a small parameter e that we use to rescale time so that the Semi-Markov 
process goes to its unique stationary distribution as e — > 0. We also obtain a 
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martingale characterization of the Random Evolution (4.17). We establish the 
weak convergence of the Random Evolution in the Skorohod space D(J, Y) to an 
inhomogeneous semigroup, where J C R + and Y is a separable Banach space. 
The proof of the unicity of the limiting distribution is linked to the unicity of 
the Cauchy problem of section 2 and cannot be done using what has been done 
before in [25] or [27] for the following reason: in the latter papers, because of 
the time-homogeneity of the random evolutions, weak convergence of sequences 
of martingales of the following type were studied: 



X n (t)-X n (s)- f AX n (u)du, 

J s 



where A is the generator of a semigroup and {X„(»)} nS N a sequence of D(J, Y) 
valued random variables. Provided the relative compactness of {X n (»)} n£ N, one 
could choose a limiting process Xo(») and prove its unicity in distribution. The 
problem that we will be facing in our paper is the following: in the (backward) 
inhomogeneous case, we will have to prove weak convergence of sequences of 
martingales of the type: 



V n (t)f-V n (s)f- f V n {u)A(u)fdu, 

J s 



where / SY, A(t) is the generator of an inhomogeneous semigroup and {V„(»)} ne f 
are stochastic processes with sample paths in D(J,B(Y)), where B(Y) is the 
space of bounded linear operators on Y. Nevertheless, we will typically only 
have the relative compactness of {V n ( m )f}neM in D(J, Y), for every / € Y and 
not the relative compactness of {V n {»)}net* in D(J,B(Y)), one of the reasons 
being that B(Y) might not be separable (and all the usual techniques for the 
proof of relative compactness in D(J,E) require E to be separable, see [4]). 
Therefore we cannot just pick a limiting process Vb(») G D(J,B(Y)) and prove 
its unicity in distribution, but we will have to construct it ourself using mainly 
density and the Skorohod representation theorem, handling negligible sets of our 
probability space with care. 

Finally an important remark should be made about applications where Y = 
, the space of continuous functions R d — > R vanishing at infinity. To 



prove the crucial compact containment criterion, it is said in both [27] and [25] 
that there exists a compact embedding of a Sobolev space into Co(R d ), which is 
not true. Therefore we shall see on the specific example of inhomogeneous Levy 
Random Evolutions (section 5) how we can still prove the compact containment 
criterion using a characterization of compact sets in Co(R d ) (see 4.9), and how 
this proof can be recycled in the case of other examples. 

The paper is organized as follows: in section 2 we present some results on inhomoge- 
neous semigroups, in section 3 we introduce inhomogeneous random evolutions driven 
by (uniformly ergodic) Semi-Markov processes and some of their properties, in section 
4 we prove our main law of large number result of weak convergence of the inhomo- 
geneous random evolution to an inhomogeneous semigroup as well as a martingale 
characterization of the inhomogeneous Random Evolution, and finally in section 5 we 
give an application to inhomogeneous Levy Random Evolutions. 

Convention throughout the paper: Let ( Y, 1 1 ■ 1 1 ) be a real separable Banach space. 
Let y be the Borel sigma-algebra generated by the norm topology. Let Y* the dual 
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space of Y. (Yi,]| ■ 1^) is assumed to be a real separable Banach space which is 
continuously embedded in Y (this idea was used in [19], chapter 5), i.e. Yl C Y and 
3ci G R + : ll/H < ciII/Hyi V/ G Y\. Unless mentioned otherwise, limits are taken in 
the Y— norm. Limits in the Y\ norm will be denoted Y\ — lim. In the following, J will 
refer either to M+ or to [0, T x ] for some T x > and Aj := {(s,t) € J 2 : s <t}. Let 
also, for s G J: J(s) := {t G J : s < t} and Aj(s) := {(r,t) G J 2 : s<r <t}. 



2. Inhomogeneous operator semigroups 

This section presents some results on inhomogeneous semigroups. Some of them are 
similar to what can be found in [19] chapter 5 and [6] chapter 2, but to the best of our 
knowledge, they are new. 

Definition 2.1. A function T : Aj — > B(Y) is called a (backward) inhomogeneous 

Y -semigroup if: 

i)Vte J:T{t,t) = I 

ii) V(s,r), (r,t) e Aj; T(s,r)r(r,t) = F(s,t) 

If in addition, V(s, t) € Aj: F(s, t) = r(0, t— s), T is called homogeneous Y — semigroup. 

We now introduce the generator of the inhomogeneous semigroup: 
Definition 2.2. Let t G J and: 

V(Ar(t)):=lfeY: lim OM+^DL = lim W-h,t)-I)f \ 

hio h hio h 

( t+heJ t-heJ ) 

Define \ft G J, V/ G V(A T (t)): 

M*)f = 1- (r(M + " ) ' J)/ = Hm W-M)-/)/ 

hi.0 h hi.0 h 

t+heJ t-heJ 

Let V(Av) := f| V(Ar(t)). Then Av : J -> L(X>(Ar), Y) is called the generator of the 

teJ 
inhomogeneous Y -semigroup T. 

The following definitions deal with continuity and boundedness of semigroups: 

Definition 2.3. An inhomogeneous Y -semigroup F is B(Y) — bounded (resp. B(Y)— 
contraction) if sup ||r(s,i)||g(y) < oo (resp. sup ||r(s, t)||e(y) < 1). 

(s.t)eAj (s,t)sA i7 

Definition 2.4. Let E\- C Y. An inhomogeneous Y -semigroup V is Ey — strongly 
continuous i/V(s,i) G Aj, V/ G -Ey; 

lim ||ro + /n,i + /i 2 )/-r(s,i)/|| = o 

(hl,fc2)-v(0,0) 

(s+fei,t+h 2 )eAj 

Definition 2.5. iei Syj C Yi. An inhomogeneous Y -semigroup T is Ey 1 — super 

strongly continuous ifV(s,t) G Aj, V/ G -Ey x : 

T(s,t)Y 1 'ZY 1 and lim ||r(s + fei, t + h 2 )f - r(s,t)/||i' 1 = 

C>i,''2)->(o,o) 

(s+h 1 ,t+h 2 )£Aj 
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Remark: throughout the paper, we will use this terminology that "super strong con- 
tinuity" refers to continuity in the Yi— norm and that "strong continuity" refers to 
continuity in the Y — norm. 

Terminology: For the above types of continuity, we use the terminology t— continuity 
(resp. s— continuity) for the continuity of the partial application u — > T(s, u)f (resp. 

u-»r(u,t)/). 

The following theorems give conditions under which the semigroup is differentiable in 
s and i. 

Theorem 2.6. Let V be an inhomogeneous Y -semigroup. Assume that Y\ C T>(Ar) 
and that F is Yi— super strongly s— continuous, Yi — strongly t— continuous. Then: 

^r(s,i)/ = -A r (s)T( s ,t)f V(s,t) e Aj,V/ G Y 1 

Proof, see Appendix A □ 

Theorem 2.7. Let V an inhomogeneous Y -semigroup. Assume Y\ C D(Ar) and that 
F is Y— strongly t-continuous. Then we have: 

§- t r( s ,t)f = r(s,t)Ar(t)f v(s,t) e a, 7 ,v/ e Yi 

Proof, see Appendix A □ 

In general, for / € Yi, we will want to use the semigroup integral representation 
r(s, i)f — f — f r(s, u)Ar{u)fdu and therefore we will need that u — > F(s, u)Ar(u)f 
is in Ly([s, t]). The following theorem give sufficient conditions for which it is the case, 
as we will typically have A T (t) G B(Yi, Y) Vi G J. 

Theorem 2.8. Assume that theorem 2.7 holds. Assume also that Vi G J, Ar(t) G 
B{Y^Y) andV(s,t) G A J; u ->■ \\A T ( U )\\ B(YuY) G Lj,([ S ,i]). TfenV/ G Y 1; (s,i) G 
A,/: 



r(M)/-/= / r(a,u)i4 r (u)/du 



Proof, see Appendix A □ 

The following definition introduces the concept of regular inhomogeneous semigroup, 
which basically means that it is differentiable and that its derivative is integrable. 

Definition 2.9. An inhomogeneous Y -semigroup T is said to be regular if it satisfies 
theorems 2.6, 2.7 andV(s,t) G A./, V/ G Yi, u -»■ T(s,u)A T {u)f is in L Y ([s,t]). 

Now we are ready to characterize the inhomogeneous semigroup as a unique solution 
of a well-posed Cauchy problem, which we will need for our main result 4.19: 

Theorem 2.10. Let At the generator of a a regular inhomogeneous Y -semigroup Y 
and s G J, G a G B(Y). A solution operator G : J(s) — >■ B(Y) to the Cauchy problem: 

±G{t)f = G{t)A v (t)f ViG J(s),V/G Y 1 
G{s) = G s 
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is said to be regular if it is Y— strongly continuous and if it satisfies the Cauchy prob- 
lem above. If G is such a regular solution, then we have G(t)f — G s T(s,t)f, Vt G J{s), 

v/eY. 

Proof, see Appendix A □ 

The following Corollary comes straightforwardly from 2.10 and expresses the fact that 
equality of generators of regular semigroups implies equality of semigroups. 

Corollary 2.11. Assume that Fi and T2 are regular inhomogeneous Y -semigroups 
and that V / G Yi, Vi G J, A Tl (t)f = Ar 2 (t)f. ThenVf G Y 1; V(s,£) G A J :T 1 (s,t)f = 
F2(s,t)f. In particular ifY± is dense in Y, then T\ and T2 agree on Y. 

We conclude this section with a 2 n order Taylor formula for inhomogeneous semi- 
groups: 

Definition 2.12. Let: 

V(A r G Yi) := {/ G V{A r ) D Y : A T {i)f G Y Vt G J} 

V(A' r ) := (/ G V(Ar G Y) : Y - lim Mt + h)f- A r (t)f g ^ ^ g 1 

and fort G J, / G £>(^ r )- 

^)/ := Y - lim »r(« + W-^(«)/ 



Theorem 2.13. iei T a regular inhomogeneous Y -semigroup, (s,t) G Aj. Assume 
thatVu G J, Ar(u) G B(Yi,Y) and u — > \\Av{u)\\ B {y 1 .y) G Lj([s,£]). Then we have 
for f e ©(^r 6 Y): 

r(s,t)/ = /+/ A T {u)fdu+ I Y{s,r)A T {r)Ar{u)fdrdu 

J s J s J s 

Assume in addition that: 
i) Ar is Yi — strongly continuous 

11) u^r(s,u)A^(u)f andu^ £ T{s,r)A r (r)A' r (u)fdr € L Y ([s,t]) 
then we have for f G Z5(Ap): 

r(s, £)/=/+ f A r (u)fdu+ [ (t-u)V{s,u)Al{u)fdu 



/t fU 

(t-u) / T(s, r)A r (r)^r(M)/drdM 
J s 



Proof, see Appendix A □ 

Remark how the latter formula coincides with the well-known 2 nd order Taylor formula 
for homogeneous semigroups (see e.g. [25], proposition 1.2.): 

T(i - s)f = / + (*- s)A T f + f (i - u)I> - a^/du 
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3. Inhomogeneous Random Evolutions 

As in [11] (section 3.5), let (fi,.F, P) a complete probability space, (X, X) a finite 
measurable space and (a; n )ngN, (T„)„ 6 m> random variables resp. SI — > X, SI — >• R + *. 
Let ro := 0, T„ :— X]fc=o Tfe - The so J ourn times T n form a strictly increasing sequence, 
for every u). We say that (x n , Tn)«eN is a Markov renewal process if there exists a 
semi-Markov kernel Q:XxIxI + -t[0,l] (see e.g. [16], definition 2.2.) such that 
Vy G X, t G R + , n G N: 

P[a: n+ i = y,T n+1 -T n <t\x k ,T k : k£ [|0,n|]] = P[as„+i =y,T n+1 -T n < t\x„] 

= Q(x„,y,t) a.e. 

In the following we let (x n , T n ) n sn a Markov renewal process and let: 

• P(x, y) := Q(x, y, oo) := limt-xx. Q(x, y, t) - V[x n+1 = y\x n = x] 
. F(x, t) ~ J2 y£X Q(*, V' *) = P I T "+i - T « < t\x„ = s] 

Define the counting process: 

n 

N(t)(ui) := sup{n G N : T„(w) < *} = sup ^ l {Tfc < t} (oj) , for lj G SI , i G R + 

By the latter representation, N(t) is J" — Bor(R+) measurable and represents the 
number of jumps on (0, t] and can possibly be infinite in the case of a general state 
space. In the case of a finite state space however, the renewal process is regular, i.e. 
Vt G R + , N(t) < oo a.e.. Further, Voj G SI, t — > Nt(oj) is right continuous, as it is 
constant on the intervals [T n (cj),T n +i(u;)): n G N. We define the semi-Markov process 
(x(t)) teR + by x(t){ui) := &jv(t)(u>)(w) on 

ST := P|{w 6 fi : N(t)(u) < oo} (so that P(fi*) = 1). 

Remark: From now on, we will work on the probability space (ST, J r *,P*) := (SI*, ^|n*,P|n*), 
where 7"|n» ~ {A e F : A <Z Q,*} and P| n * := P(i) Wl G F\n* (-F|n« is a sigma- 
algebra on SI* since fl* ^ G J-). We point out that the restrictions to SI* of T— 
measurable functions are J r *— measurable. For sake of clarity, we will not write ex- 
plicitly that we are working with the restrictions to SI* of the random variables (e.g. 
x n \n*, T„|o»), but we will always be. In order to avoid heavy notations, (Q* ,T* ,¥*) 
will be noted (SI, J", P). 

We define the following random variables on SI, for s < t G R + : 

• the number of jumps on (s,t\: N s (t) :— N(t) — N(s) 

• the jump times on (s, oo): T„(s) :— Tjv( s )+, 2 for n G N*, and Tq(s) := s. 

• the states visited by the process on [a, oo): x n (s) :— x(T n (s)), for n G N. 

We will assume that (x n ,T n ) ne tq is an ergodic Markov Renewal Process, which means 
that it is irreducible aperiodic, and the imbedded Markov Chain (x n )neiH is aperiodic 
(see [11], section 3.7). We will also assume that (a; n )neN is a uniformly ergodic Markov 
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Chain, namely that there exists a probability measure p := {p I } l6 x on X such that 
(see [18]): 

lim ||P" -n|| b =0 
where for / G B&(X) (since X finite, B$,(X) = B m (X)), x G X: 

n /(z) := ^ Py/(y) (constant of x) 
vex 

Pf(x) := J2 P(x,y)f(y) = Et/C^+i)!^ = x] 
vex 

and we have that P n f(x) = E[/(a;„)|a;o = x\. From the standard theory of semi-Markov 
processes (see e.g. [11] propositions 3.16.2 and 3.9.1) we get that: 

lim jE[N(t)] = -L 

lim -N(t) = — — a.e. 

With: 

A/ p :=IImi m n (x) :- t n F(x,dt) 

Now we are ready to introduce inhomogeneous random evolutions: 

Consider a family of inhomogeneous F— semigroups (T x ) x ex, with respective genera- 
tors {A x ) xex , satisfying: 

Vs G J :(r, t, a, /) -+ T a ,(r A t,r V *)/ is Bor(J(s)) ® Bor(J(s)) ® X ®y ~y measurable 



as well as a family {D(x,y))(x,y)exxX Q B(Y) of B(K)— contractions, satisfying: 
(x, y, /) — > D(x, y)f is X ® X ®y — y measurable 

Definition 3.1. The function V : Aj x fi — > B(Y) defined pathwise by: 



V(s,t)(uj) = 



N s (t) 

H r BJ _ lW (Ii_i(8),Ii(a))D(x*_i(a),a!*(*)) 

fe=i 



Fa:(*) (rjv a ( t )(s),i) 



15 called a (T, D,x) — inhomogeneous Y -random evolution, or simply an inhomoge- 
neous Y -random evolution. V is said to be continuous if D(x,y) = I, \/{x,y) G 
X x X. V is said to be regular (resp. J3(Y) — contraction) if (T x ) x ^x are regular (resp. 
B(Y)— contraction). 

n 

Remark: We use as conventions that JJ := I and FJ Ak '■— A\...A n -iA n , that is, 

fc=i fe=i 

the product operator applies the product on the right. 



N. Vadori and A. Swishch.uk/ 9 

Remark: if N s (t) > 0, then x Ns(t) (s) = x(T Ns(t) (s)) = x(T N(t )) = x(t). If N s (t) = 0, 
then x(s) = x(t) and 2;]v s (t)( s ) — xo(s) = ar(Tb(s)) = x(s) = x(t). Therefore in all 
cases x N ^( t )(s) = x(t). 

The following proposition deals with the measurability of the inhomogeneous Random 
evolution: 

Property 3.2. For s G J, / G V, the stochastic process {V(s,t)(uj)f)(u,t)enx.J(s) is 
adapted to the (augmented) filtration: 

Tt(s) ~ a [x nANs(r) (s),T nANs{t) (s) : n G N] V cr(P - mi// sets) 

Proof. Let fie}', (s, t) G Aj, / G Y. We have: 

V(a, i)/" 1 ^) = U {V(«, i)/ G E} n {JV.(t) = n} 

Denoting the J-i(s)— Bo?-(R + ) measurable (by construction) function hk := r(fc+i)AJV s (t)( s ) 
TkAN s (t) (s), remark that N s (t)(u) = sup m6N X)£L 1 ( l - 1 (R+*)( ll4j ) an dis therefore Jt(s)- 
Bor(M+) measurable. Therefore {N s (t) = n} G J't(s). Let: 

fi„:={iV s (t) = n} M:={n6N:O„^0} 



M^l since fi = UneN^ n ' an< ^ f° r n *= M, let the sigma-algebra .F n := ^t(a)|n n := 
{A G J- t (s) : A C fi„} (J>, is a sigma-algebra on fi„ since fi n / 8 6 .Ft(s)). Now 
consider the map V(s,t)f(n) : (fi„,.F n ) — > (Y,y): 



V n (s,t)f:= 



r,„(s)(Tn(s),t)/ 



We have: 

v{s,t)r 1 {E) = \J{v n {s,t)feE}nn n = (J{o; g fi„ : 7.(»,t)/6£} 

= U ^(s,*)/- 1 ^) 

new 

Therefore it remains to show that V„(s,t)f~ (E) G J>i, since T n Q J~t(s). 
First let n > 0. Notice that V n (s,t)f — tp o f3 n o a n ... o /3j o q x o 0, where: 

: fi„ — > J(s) x X x !!„ -> 7 x !!„ 

^^ (T„(s)(w),a! 7l (a)(w),w) -> (r a , nW ( w )(T„(s)(w),t)/,w) 

The previous mapping holding since Tk(s)(ui) G [s,t] Vw G fin, k G [|l,n|]. is 
measurable iff each one of the coordinate mappings are. The canonical projections are 
trivially measurable. Let A G Bor(J(s)), B G X. We have: 

{oj G fin : T n (s) G A} = n n n r nAJVs(t) (s) _1 (yl) G .F„ 
{a; G fin : «n(s) G B} - fi n l~l x 7lAJVs (t)(s)~ 1 (_B) G Tn 
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Now, by measurability assumption, we have for B G y-. 

{(t n , y n ) G J(s) xX:Ty n (tht n ,t\/t n )feB} = Ce Bor(J(s)) ® X and therefore: 
{(t„,y„,oj) G J{s) xlxd„ :r„„(tAt„,tVt„)/e B} = C xfl n e Bor{J(s))®X®F n 



Therefore (f) is J- n -~y ® T n measurable. Define for i £ [1, n]: 

Qi : Fxfi„->lxlxyx(!„^i / x!]„ 

(p,w) -x (x n -i(s)(u>),x n -i+i(s)(u),g,u) -x (£>(a;„-i(s)(w),a; n _j + i(s)(a;))g,w) 



Again, the canonical projections are trivially measurable. We have for p G [|0, n\]: 

{tu G Cl„ : x p (s) G B} = Cl„ n a: pA iv 3 (t)(s)~ 1 (-B) ■— C ^ F„ 
Therefore {(j,u) £ F x (!„ : i p (s) 6B} = yxC6j«J„ 

Now, by measurability assumption, MB G y, 3C £ X ® X (&y: 

{(y n -i,yn-i+i,g,u) € X x X x Y x n n : D(y n _i,y n - i+1 )g e B} = C x Q. n e X ® X ®y ® F n 

, which proves the measurability of at. Then we define for i G [1, n]: 

fa : Y x fi n — x J(s) x J(s) x X x Y x fi n — x Y x il n 

(g,u) -x (T B _ i (a)(w),r n _i + i(s)(w),ar n _i(a)(w),fl ) a;) -> (r a . jii(s)([j) (r n _ i (s)(a;),T n _i + i(s)(aj))p,aj) 

By measurability assumption, MB 6 J', 3C £ Bor(J(s)) ® Bor(J(s)) ® X ®y-. 

{(J. n -i,t n -i + i,y„-i,g,uj) G J(s) x J(s) x X x F x fi n : r s/n _ i (i„_i A t n -i+i,t n -i V t n -i+i)s G -S} 
= Cx!l„e Bor(J(s)) ® Bor{J(s)) ®X®y®F n , 

which proves the measurability of /3« . 

Finally, define the canonical projection: 

ip : Vxf]„->y 

which proves the measurability of V„(s,t)f. 

For n = 0, we have V(s,t)f(n) = F^) (s,£) / and the proof is similar. 

□ 

The following propositions show that the random evolution has right-continuous paths 
and that it satisfies some integral representation, which will be used in section 4 to 
prove relative compactness in the Skorohod space D(J(s),Y). 
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Property 3.3. Let V an inhomogeneous Y -random evolution and (s,t) £ Aj, uj £ Q.. 
Then V(»,»)(uj) is an inhomogeneous Y— semigroup. Further, if V is regular, then 
u — > V(s,u)(uj) is Y — strongly RCLL on J(s), i.e. V/ £ Y, u — > V(s,u)(uj)f £ 
D(J(s), (Y, || ■ |D). More precisely, we have for f £ Y: 

V(s,U~)f = V(s,u)f ifu£ {T n (s) : n £ N} 

V(s,T n+1 (s))f = V(s,T n+1 (s)-)D(x n (s),x n+1 (s))f Vn £ N 

where we denote V(s,t~)f := lim u -t-t V(s,u)/. 

Proof, see Appendix A □ 

In particular we observe that if D = I, then it — > V(s,u)(oj) is in fact Y— strongly 
continuous on J(s). 

Property 3.4. Let V a regular inhomogeneous Y -random evolution and (s,t) £ Aj, 
f £ Y\. Then V satisfies on Q: 

V(s,t)f = f+ / V(s,u)A x{u) (u)fdu+ J2 V(8,D.(B)-)[D(x k -i{a),x k (8))-I\f 

Proof, see Appendix A □ 

4. Law of Large numbers for the inhomogeneous Random Evolution 



Notation: in the following we denote for e £ R+, (s,t) £ R + : t e ' s := s + e(t - s). 

In the same way we introduced inhomogeneous Y — random evolutions, we consider a 
family {D t (x,y)) {x ^ y)eXxX , t e(o.i\ of 6(F) -contractions, satisfying Ve £ (0,1]: 

(x,y, f) — > D € (x,y)f is X ® X ® y — y measurable 

and let D°(x, y) := I. We define: 

V( Dl ):= (-| IfeY: lim ^(x^f-D^x^f^) 

e£[0,l] I E + hS[0,l] I 

MEXxX 

and V/ £ £>(Di): 

«(*,„)/:= hm ^(s.y)/-^,,,)/ 
h->0 ft 

e+he[0,l] 

In the same way we introduce T>(D2), corresponding to the 2 nd derivative. 

We also let: 

■D(D° £ Yi) := {/ £ V{D{) n Yi : D° 1 (x,y)f £ Y 1 \f(x,y) £ X x X) 
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We define the space: 



V := p| v(A' x ) n v{D 2 ) n v{Dl e Yi), 

x£X 



where T>(A' X ) was defined in 2.12. These notations will hold until the end of the paper. 
In this section we assume the following set of assumptions that we call (AO): 

Assumptions on the regularity of operators: 
i) Yi C Dpi) 
ii) (r x ) xex are regular 
iii) A x is Yi— strongly continuous, Va; G X 

Assumptions on the semi-Markov process: 

i) 3f > such that Q(x, y, (r, oo)) = V(a;, y) £ X x X (uniformly bounded sojourn 
increments) 

Remark: the latter implies in particular that all the moments m n are well-defined. 

Assumptions on the boundedness of operators: 
i) (T x ) xex and (-D e (a;,y))( I ,y) 6 xxx, e 6(o,i] are B(Y) -contractions, with D° := I. 
ii) A x (t) G B(Yi,Y) VtG J, Vi£ X and sup uSJ ||^(u)||B(y 1 ,y) < oo 
iii) sup uSJ ||^(u)/|| < oo, sup u6J \\A x (u)f\\ Yl < oo, V/ G f] x X T>(A' X ) 

iv) sup e6[0)1] \\D{(x,y)f\\ < oo, V/ G D(Di) 

(i,s)a ! 
v) sup ee[0il] \\m(x,y)f\\<oo,WfeV(Ih) 

(x,y)eXxX 



As said in introduction: similarly to what has been done in [25] or [27] we index the 
inhomogeneous Random Evolution by a small parameter e that we use to rescale time 
so that the Semi-Markov process goes to its unique stationary distribution: 

Definition 4.1. Let V an inhomogeneous Y— random evolution. We define (pathwise 
on Q.) the inhomogeneous Y— random evolution in the averaging scheme V e for e G 
(0,1], (j,t)€Aj by: 



Ve(s,t) 



II r. k _ lW (T^( S ),Tr( S ))^(x fe -i( S ),Ms)) 



T Z(^>) {S) '\ 



Remark: we notice that V e is well-defined since on fl: 
T^ ', 1 ,(s) = s + e\T 



(r,.( t i-)W-')^' + e ('*•"-') 



= t 



and that it coincides with V for e — 1, i.e. Vi(s,t) = V(s,t). 
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Our goal is to prove, as in [25], that for each / in some suitable subset of Y, {V e (s, •)/} - 
seen as a family of elements of D(J(s), Y) - converges weakly to some continuous limit- 
ing process Vo(s, •)/ to be determined. To this end, we will first prove that {V e (s, •)/} 
is relatively compact with a.e. continuous weak limit points. This is equivalent to 
the notion of C— tightness in [10] (VI. 3) because V(D(J(s),Y)) topologized with the 
Prohorov metric is a separable and complete metric space (Y being a separable Ba- 
nach space), which implies that relative compactness and tightness are equivalent in 
V(D(J(s), Y)) (by Prohorov's theorem). Then we will identify the limiting process Vo- 

We first need some classical elements that can be found in [25] (1.4) and [4] (sections 
3.8 to 3.11). In particular the Skorohod space D(J(s),Y) will always be topologized 
with the Skorohod metric d (see [4], chapter 3, equation 5.2). 

Definition 4.2. Let (u n ) ne fi a sequence of probability measures on a metric space 
(S,d). We say that v n converges weakly to v, and write v n =>■ v iff V/ G Ct(S): 

lim / fdv n — I fdv 
>Js Js 



71— ^OO 



Definition 4.3. Let {v f _} a family of probability measures on a metric space (S,d). 
{ve} is said to be relatively compact iff for any sequence (vn)nefi Q { u i}> there exists 
a weakly converging subsequence. 

Definition 4.4. Let s G J , {X € } a family of stochastic processes with sample paths 
in D(J(s),Y). We say that {X e } is relatively compact iff {jC(X^)} is (in the metric 
space V(D(J(s),Y)) endowed with the Prohorov metric). We write that X t => X iff 
C{X e ) => C{X). We say that {X t } is C-relatively compact iff it is relatively compact 
and if ever X t =>• X , then X has a.e. continuous sample paths. 

If Ey C Y, we say that {V e } is Ey — relatively compact (resp. Ey — C-relatively com- 
pact) iff{V e (s,»)f} is V/ G E Y , Vs g J. 

Definition 4.5. Let s G J, {X^} a family of stochastic processes with sample paths 
in D(J(s),Y). We say that {X e } satisfies the compact containment criterion i/VA G 
(0, 1], VT G J{s), 3K C Y compact set such that: 

liminf ¥[XJt) G K Vi G [s, T]] > 1 - A 

We say that {V e } satisfies the compact containment criterion in Ey C Y i/V/ G Ey, 
Vs G J, {V e (s,»)/} satisfies it. 

Theorem 4.6. Let s G J, {A' £ } a family of stochastic processes with sample paths in 
D(J(s),Y). {Xt} is C-relatively compact iff it is relatively compact and J S (X E ) => 0, 
where: 

/oo 
e- u {J a {X € ,u)M)du 

J s (X e ,u):= sup \\X.(t) - X.(t-)\\ 

tg[s,u] 

Theorem 4.7. Let s G J, {X,:} a family of stochastic processes with sample paths in 
D(J(s),Y). {X E } is relatively compact iff: 
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i) {X € } satisfies the compact containment criterion 

ii) VT G J(s), 3r > and a family {C s (e,r/) : (e,n) G (0,1] x (0,1)} of nonnegative 
random variables such that V(e, rf) G (0, 1] x (0, 1), V/i G [0, rj\, Vt G [s, T]: 

E[||jf«(t+h)-jr.(t)ina 1 ''*]<E[c.(c,u)iar] 

lim limsupE[C s (e, 77)] = 

J)->0 e ^o 

where Ql' a :— a \X e (u) : u G [s,£]] 



4-i. r/ie compact containment criterion 

The compact containment criterion can be in practice quite hard to prove, because we 
need either a compact embedding of a Banach space into V, or a characterization of 
compact sets in Y . An important remark should be made about applications where 
Y — Co(R d ), the space of continuous functions R d — > R vanishing at infinity. To prove 
this compact containment criterion, it is said in both [27] and [25] that there exists a 
compact embedding of a Sobolev space into Co(R d ), which is not true. Here we suggest 
a method to prove it (4.9), that will be applied in section 5 to the case of inhomogc- 
neous Levy Random Evolutions. 

If we have a compact embedding then the proof of the compact containment is easy, 
as mentioned here: 

Property 4.8. Assume that there exists a Banach space (Z, |||-|||) compactly embedded 
mY, and that (T x ) xe x , (D e (%,y))ee(o,i],(x,y)EXxx are B(Z) — contractions. Then {K} 
satisfies the compact containment criterion in Z. 

Proof. Let / G Z, (s,t) G Aj, c := |||/||| and K := cl(Y) - S C (Z), the Y-closure of 
the Z— closed ball of radius c. K is compact because of the compact embedding of Z 
into Y. Let e G (0,1]. Because (T x ) xS x, (D e (x,y))( x ^ e xxx are B(Z)— contractions, 
V e is a B(Z)— contraction and we have Voj G fl: |||V e (s,i)(w)/||| < |||/||| = c. Therefore 
V e {s,t)(u)f G S C {Z) C K and so P[V £ (s,i)/ G K Vi G [s,T]] = P(f2) = 1 > 1 - A. 

□ 

For example, we can consider the Rellich-Kondrachov compactness theorem: if U C R d 
is an open, bounded Lipschitz domain, then the Sobolev space W 1,P (U) is compactly 
embedded in L q (U), where p G [1, d) and q G [1, -£lr). 

For the space Co(R d ), there is no well-known such compact embedding, therefore we 
have to proceed differently. 

Property 4.9. Let Y := C"o(R d ), E Y C Y. Assume that VA G (0, 1], V{s,T) G Aj, 
Ve G (0, 1]. V/ G E Y . 3/l £ C (] : P(,4 E ) > 1 - A and the family {V e (s,t)(u)f : t G 
[s,T],e G (0,1], uj G A t } converge uniformly to at infinity, is equicontinuous and 
uniformly bounded. Then {V t } satisfies the compact containment criterion in Ey ■ 

Remark: we say that a family of functions {f a } converge uniformly to at infinity 
if: 

Ve>0,3<5>0: \z\ > S => sup \f a (z)\ <e 
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Proof. Let / G Ey, K the Y— closure of the set: 

Kx := {V t (s,t){co)f : e e {0,l],u e A„t £ [s,T]} 

A'i is a family of elements of Y that are equicontinuous, uniformly bounded and that 
converge uniformly to at infinity by assumption. Therefore it is well-known, using the 
Arzela-Ascoli theorem on the Alexandroff compactification of R d , that K\ is relatively 
compact in Y and therefore that K is compact in Y. And we have Ve G (0, 1]: 

P[V e (s,t)f€K yte[s,T]]>f[uj&A e :V c {s,t)feK Vie [s,T]] =v(A c ) > 1- A 

D 
Remark: Because limt-><x> jN(t) — -jj- a.e., this set A t will typically be Ac :— 
< eN s (T~' s ) < noo \ for some well chosen constant noo (see Appendix B). 

4-2. Relative compactness of the inhomogeneous Random Evolution in 
D(J(s),Y) 

In the following we will make the following assumption: 

(Al) {V t } satisfies the compact containment criterion in Y\ 

Lemma 4.10. Let (s,t) G A,/, / G Y\. Under (A0), V f _ satisfies on fl: 



V t (e,t)f = f+ V e (s,u)A , 1A (u)fdu+ J2 V e (s,T^( s )-)[D^x k -i(s),x k (s))-I]f 

Js 1" J k=i 

Proof. Same proof as 3.4, except that the induction is made on the intervals [T^' s (s) , T^? x (s))H 
J(s), instead of [T k (s), T fe+1 (s)) n J(s). 

a 

Lemma 4.11. Assume (A0) and (Al). Then {Ve} is Yi— relatively compact. 
Proof. We want to prove 4.7. Using 4.10 we have for h G [0, n]: 

\\V e ( S ,t + h)f-V e (s,t)f\\ 

N s ((t+h)h s ) 

t+h V 1 

V € (s,u)A , x ,(u)fdu+ V V e (s,T£ s (s)-)[D e (x k -i(s),x k (s))-I]f 

t lii. e L — ' 



fe=JV. if ' 



N s ((t+ri)-, 



<r,M 1 + e J2 ;l|15 e (^-i(s),^(5))/-/|| 

k=N s ( t7' s ) 

< nMi + ehh [N ((t + n) « ' 3 ) - N (t « ' 3 ) + l] 
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where Mi := sup XyU \\A x (u)\\ B{Yl}Y) \\f\\ Yl and M 2 := sup £>tc>J/ \\D{(x,y)f\\ (by (AO)). 
Notice ||V E (s, T^' 3 (s)~)\\ jS i Y ) < 1 because both V and D E are B(Y)— contractions. 

For e G (0, 1] we have: 

e[N({t + V )i-°)-N(ti> 3 )+l] 



<e sup [#((* + 77)-' 



AT (t 



+ e sup [#((* + 77)*' 



TV It 



<eN((s + 2r ] )i- s )+e sup [/V f(t + r?) < ' a ) - TV f^' s )l 
v / te[s+»j,T] L v 7 \ /J 



+ e 



Note that the supremums in the previous expression are a.e. finite as they are a.e. 
bounded by TV ((T + 1) i' s ) . Now let: 



C s (e,rfi ■-rjM 1 +M 2 eN((s + 2r ] )i' s ) + M 2 e sup [TV ( (t + r?)M - TV (ti' s )] + M 2 e 

V ' te[s+ri,T] L V ' \ 1 \ 

We have to show that lim^^o lim,.-^ E[C s (e, r\)\ — 0. We have: 

lim lim 77M1 + M 2 eE [TV (7s + 2ry) « - s )} + M 2 e = lim nMi + Ma-fir = 

i7->0e-X) L V " /J »?^0 M p 

Let {e n } any sequence that goes to 0, and denote: 

Z n :=e n sup [Tv((i + 7 ? )i' s )-TV(^' s )] 

te[s + ri,T] L V ' V /J 

We first want to show that {Z n } is uniformly integrable. By [4], it is sufficient to show 
that sup n E(Zl) < 00. We have that E(Z£) < e 2 E [TV 2 ({T + 1 )^' s ) 1 . But by [7], we 
get that for an ergodic Markov Renewal process (which is our framework): 

,- E(TV 2 (i)) 

hm v y " < 00 

t— >oo t 

And therefore {Z n } is uniformly integrable. 
Then we show that Z n -4 Z :— jj-. Let: 

so that P(f2*) = 1. Let oj G SI* and <5 > 0. There exists some constant ra(oi, 5) > 
such that for e < r 2 : 

1 



eiV ( S+ 1)7.M_ < 



and iff G [s + 77, T + 77] : 

(t- S ) e Tv(( S + l)T> s ) 



Ah 



t- s 



T + T] 



M 



T + V - 
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Let e < r\ri (recall r\ > 0) and £2 := jzr- Then £2 < ala = J*2, and therefore: 



IV 



(t - S ) e2 iV ((s + 1) «2 ,s ) - 



t- s 



il/„ 



<<5 



eN t 



t- s 
~M7 



<<5 



And therefore for e < »yr2 and t G [s + 77, T] : 



< 25 



sup 

t£[s + >7,T] 



K« +"•'•) -«"(•**)]-£ 



< 28 < 35 



We have proved that /?„ — >' Z. By uniform integrability of {Z n }, we get that lim^-joo M(Z n ) — 
E(Z) and therefore since the sequence {e n } is arbitrary: 



limeE 

£->0 



sup 

tS[s+77,T] 



[jv((t + t/)*")-Jv(t*")] 



_n_ 



D 



Lemma 4.12. Assume (AO), (Al). Then {V^} isYi — C -relatively compact. 



Proof. We want to prove 4.6. By 4.11 it is relatively compact. By 4.6 it is sufficient 
to show that J s (V e (s, •)/) a -4' 0. Let S > and choose T > such that e~ T < f . For 
u G [s, T] we have: 

j.(Vi(a.-)/,u)< sup ||v;(m)/-v,(«,0/II 

te[s,r] 



(using 4.10) = max 

fee \\i.N 3 [t; 



\V e (s,T<' s (s))f-V e {s,T^-(s))f\ 



(using 4.10)= max i ||K (s, T*< a -(s)) (O e ( a;fc _ 1 ( S ),x fc ( S ))/ - /)|| 

fee i.jv, |t« ,a 1 



max 
fee I li, n s (t'i 



\D e (x k ^(s),x k (s))f-f\\ 



- , ^ J\ D<i ( x 'y)f - f\\ 

Since Y\ C V(Di), 3r > : e < r =>■ maX( XiSI ) € xxx ||O e (a;, J/)/ — /j| < |, and therefore 
for e < r, to £ fi: 



J.(V r «(8,«)/)= / e- u (J s (V e (s,')f,u)M)du+ e- u (J s (V e (s,»)f,u)Al)du 
< 5 -{e- s -e~ T ) + e- T <S 



D 
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4-3. Weak convergence in D(J(s), Y) of the inhomogeneous Random 
Evolution 

In this section, we prove our main result 4.19. As in [27] and [25], we start by finding 
a martingale characterization of V e (s,»)f (4.15, 4.17). We then prove that this mar- 
tingale converges weakly to zero (4.18). Nevertheless, the proof of the main result 4.19 
will differ completely from what has been done in the latter references, for the reasons 
mentioned in introduction. 

We first start by the following definition that involves the operator (P — I)^ 1 of the 
uniformly ergodic Markov Chain (x n ). 

Definition 4.13. Assume (AO). For f G Yi, a- G X,t G J, letf e (x,t) := f+efi{x,t), 
where f± is the unique solution of the equation (see [18], proposition 4)' 

{P-I)h{.,t){x) = M p \A{t)-a{x,t)]f 

a{x,t) := -±- { mi {x)A x {t) + PDl{x,»){x)) 
IVlp 

A{t) :=Ua(;t) 

namely, f x (x,t) = M P (P - I)-\A{t)f - a(.,t)f)(x). 

Remark 4.14. Recall that P,Tl,M p have been defined at the beginning of section 3. 
The existence of /i is guaranteed because H[A(t) — a(»,t)]f = by definition of A (see 
[18], proposition 4)- In fact, in [18], the operators IT and P are defined on B^(X) but 
the results hold true if we work on B E (X), where E is any Banach space such that 
[A(t)-a(x,t)]f G E (e.g. E = Y 1 if f eV, E = Y if f G Y x ). To see that, first observe 
that P and II can be defined the same way on B E (X) as they were on B^(X) . Then take 
£ G E* such that \\£\\ = 1 and g G B E (X) such that ||g|| S b , x ^ = rnax^ ||<?(aOII-E = 1. 
We therefore have that: ||^° sll^rx - ) — 1; an d since we have the uniform ergodicity on 
B^(X), we have that : 

sup \p n (e o g )(x) - n(i o g )(x)\ < ]|P" - n]] B(s , (x)) -► 

||«||=i E 

llflll B |,(x)= 1 

By linearity of I, P, II (and because P and U can be defined the same way on B E (X) as 
they were on B^(X)) we get that \P n (tog)(x)-Yl( y £og)(x)\ = \£(P n g(x)-Ug(x))\. But 
because ||P n <j(:j;) — IIc?(a;)| |s = supimi =1 \l(P n g(x) — Wg(x))\ and that this supremum 
is attained (see e.g. [2], section III. 6), then: 



sup \£{P n g{x)-Ug{x))\-- sup \\P n g(x) -Ug(x)\\ E 

B b E (x; 
i6X 



Ns |, - _, B w.m 



x£X 



sup \\P n g - ILg\\ B b, x) = ||P" - n|| B(B 6 (x)) 



|9|I B|,(X) =1 



and so we also have \\P n — n|| B / s i> / X nn — > 0, i.e. the uniform ergodicity in B E (X). 
Now, according to the proofs of theorems 3.4, 3.5 chapter VI of [21] and because the 
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Markov chain (x n ) is aperiodic, \\P n — II|| B / S 6 t X y, — > is the only thing we need to 
prove that P — I is invertible on: 

B3(X)~{feB b E (X):Uf = 0}, 

the space E plays no role. Further, (P — J) -1 G B{B^{X)) by the bounded inverse 
theorem. 

Lemma 4.15. Assume (AO). Define recursively for e G (0, 1], s G J: 

VS(a):=I 

V'+i(s) := v:(s)T Xri(s) (2?' («),%(«)) D e (xn(s),x n +i(s)) 
i.e. V*(s) = V e (s,TZ s (s)); and for f G Yi: 

M^s)f~V:(s)f(x n (s),T^(s))-f(x(s),s) 

n—l 

- ^E[I4 £ +1 (5)r(x fe+ i( S ) ) T fc % s 1 ( S )) - V:(s)f(x k (s)X-°(s))\T k (s)] 



so that (M^(s)/) nS N is a J-„(s) — martingale by construction. Let for t G J(s): 

M t {s)f := M^.W 



Ft{s) := F / I s \ (s) 
where J-„(s) :— a[xk(s),Tk(s) : k < n]\/ o-(F—null sets) and T ( x B \ ( s ) is defined 



the usual way (provided we have shown that N s ( t' '" ) + 1 is a J-„(s) -stopping time 

Vi G J(s)). Then W G Y* , Vs G J, Ve G (0, 1], V/ G Yi, (£(M t E ( S )/),^(s))t e j( s ) i» a 
real-valued martingale. 

Remark: The expectations in 4.15 are taken in the usual Bochner sense and that will 
be the case throughout all the paper, unless mentioned otherwise. 



Proof. By construction (l{M^{s)f),J r 7l {s)) n &i is a martingale. Let 6(t) := N a (t«' s ) + 
1. Vf G J(s), 6(t) is a ^(s)— stopping time, because: 

{6(t) = n} = {iV s (i*' s ) = n- l} = {t„_i(«) < ti< s } n {r n (s) > t^ s } G -F„(s) 

Let ii < ti G J(s). We have that (£(Mg/ t u„(s)/), J r n(s)) n gN is a martingale. Assume 
we have shown that it is uniformly integrable, then we can apply the optional sampling 
theorem for uniformly integrable martingales to the stopping times 9(ti) < #(£2) a.e 
and get: 

EWM fl e {t2)A9(t2) ( S )/)|^ (tl) ( S )] =l(M< e{tl) ^ (t2) (s)f) a.e. 
^E[£(Ar g(t2) (s)f)\T e(tl) (s)]=e(M^ tl) (s)f) a.e. 

=> E[*(M? 3 (*)/)|.%(a)] = e(M^(s)f) a.e., 
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which shows that (l(Ml ( s ) /) , 3~t ( s ))teJ(s) is a martingale. Now to show the uniform 
integrability, by [4] it is sufficient to show that sup n E(||M|/ t ,) A „(s)/|| ) < oo. But: 

\\M € e{t2)An ( S )f\\< 2||/|| +IIMI+ 2(||/|| + ||/i||)(0(ta) A n) < 2(||/|| + \\.fi\\)(l + 9(t 2 )) 

where ||/i|| := sup IU ||/i(x, u)\\ (||/i|| < oo since by (AO), sup u \\A x (u)\\ B(Yl ,Y) < oo 
and (P - I)' 1 G B(B$(X)) by Remark AAA). Since E(6»(t 2 ) 2 ) < oo by [7], we are 
done. □ 



Remark 4.16. In the following we will make use of the fact that can be found in 
[1] (theorem 3.1) that for sequences (X n ), (Y n ) of random variables with value in a 
separable metric space with metric d! , if X n =>■ X and d'(X n ,Y n ) =>■ 0, then Y n =>■ X. 
In our case we will typically have d'(X n ,Y n ) —¥ 0, and to show it we will use the 
remark in [4] after lemma 5.1, chapter 3 that implies that if (X n ), (Y„) take value in 
D(J(s),Y) and if\/T £ Q+n J (s): 

lim sup \\X n (uj)(t)-Yn(uj)(t)\\ =0 a.e. 
n ^°°te[s,T] 

then d(X n ,Y n ) -4' (where as mentioned before, d is the Skorohod metric). 



Lemma 4.17. Assume (AO) and let n t (s,t) := 1+ [jjf-\ and t%(s,t) :— s + k j, 3 ^ . 
For f £ T> and s £ J , M^(s)f has the asymptotic representation: 

ra e (s,») 

Ml{s)f = V l {s,.)f-f-eM p J2 K(s,tUs,-))A(tUs,.))f + °(l) a.e., 

k—l 

where °(e p ) is defined by the following property: 

VTG Q+n J(s), lim e" p sup || o (e p )\\ = a.e., 
e ^° te[s,T] 

so that the remark 4-16 on the a.e. convergence in the Skorohod space will be satisfied. 
Proof. For sake of clarity let: 

ft :=r(x k ( S ),T^(s)) f 1>h :=Mx k (s),T^(s)) 



First we have that: 



VfX.\ (S)f /l.N =F £ /1N (S)/ + 0(1) 



because ||y; 8(t ,, 5)+i ( S )/ w(a ,^ +i ||<||M|. 

Where ||/i|| is defined similarly as in the proof of 4.15. Now we have: 

V h e +1 (s)r h+1 ~ V£(s)fi = V k e (s)(f e k+1 - m + ^ E +1 ( S )/fc +1 - V k € {s)f k+1 
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and: 



E[V fc e (s)(/£ + i - m\Ms)] = eV fc '(s)E[(/i, fc+ i - fi, k )\Ms)], 



as V£(s) is J- k (s) — Bor(B(Y)) measurable. Now, we know that every discrete time 
Markov process with stationary transition kernel (i.e. that does not depend on n) has 
the strong Markov property, so the Markov process (x n ,T„) has it. For k > 1, the 
times N(s) + k are ^(0)— stopping times. Therefore for k > 1: 

E[(/i,fc+i - /i,fc)l^*(«)] = E[(/i,*+i - /i,k)|2k(a),arfc(*)] 



and again using the strong Markov property as well as the stationarity of the Markov 
Renewal process: 

E[(/i,fc+i - fi,k)\T k (s) = t k ,x k {s) = x] 

/*OC 

= E / /i (v,^ e + eu)Q(x,y,du) - h (Mf) 



Let /i(K,t) = M P (P - I)~ l [A\t)f - a'(;t)f](x), and a'(a:,t) = ■^ r m 1 (x)A' x (t), 

A'(t) = na'(»,t) which exists because (P - iy 1 e B{B\(X)) and / G n xSX T>(A' x ). 
Using the Fundamental theorem of Calculus for the Bochner integral (v — > fi(y,v) € 
L\r([a,b]) V[a,6] since ||/{|| < oo by (AO): indeed, sup 4 ||A£,(t)/|| < oo): 



E[(/i, fc +i - /i,fc)|T fc ( S ) = t k ,x k (s) = x] 

/i(2/.*fe")+ / fi(y,v)dv 



= E 

vex- 

= (i>-/)/iM*)(*) + E 

= (p-o/i(-.*r)(*)+°(i) 



Q(x,y,du) -/i (x,t£ s ) 



/i(y,*r+' u ) dw 



Q(x,y,du) 



because as mentioned before: ]|/i|| < oo by (AO) and: 



E 



/i(2A **"+«)<&> 



Q(x,y,du) < e\\fi\\mi(x) 



All put together we have for k > 1, using the definition of /i: 

E[V^( S )(.^ +1 - /jE)|J*(a)] = eVUs)(P-I)fi (-, !?'(«)) (*»(»)) + o( e ) 
= eM p V£(s) p(JfW) - a(^ fc ( S ),T fc ^ s ( S ))] / + o(e) 
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and the first term: 



Wo(s)(tt ~ /o)|^(s)] = o(l) (< 2e\\h 



Now we have to compute the terms corresponding to V k+ i(s)f k+1 ~~ ^fc e ( s )/fe+i- We 
will show that the term corresponding to k = is o(l) and that for k > 1: 

E[Vt +1 (s)f k+1 - V k e (s)f e k+1 \F h ( S )} = eM p VUs)a(x k (s),T^ a (s))f + o(e) 






< 



To conclude, we have to show that X/fe=i °( e ) = °(1)- But 

Ji^eiVs (*«'*)- The fact that sup ts[0 T] eN s (t^' s ) = eiV s (t^' s ) "4' ^ concludes 
the proof. 

For the term A: = 0, we have using (AO), the definition of V k € and 2.8: 

VUs)ti ~ V e (s)ft = VUs)f -f + °(1) 
= r. w («,Tf''(a)) D e (a5(a) >a; i(«))/ - / + o(l) 

= r. w («,ir («)) (s e (^),^(s))/ - /) + r sW (a,if(a)) / - / + 0(1) 

=* E[V?(«)/i - V e (s)fi\Ms)} < max.\\D'(x,y)f - f\\ 

x,y 
(■ 00 

+ / eu^^\\A x (t)\\ B( Y 1 ,Y^\\!\\\\F{x,du) 

JO x : t 

< e (sup \\Dl(x,y)f\\ + \\f\\ Yl sup mi (x)\\A x (t)\\ B{Yl>Y) ) = o(l) 
\ e , x , y x,t / 

Now we have for k > 1: 



And because by (AO) we have sup e x \\D\(x, y)g\\ < oo for g G Yi, we get using 2.8: 



D c (x k (s),x k+1 (s))g = g+ / D" (:Efc(s),a;fc + l(s))fl<du 

andr ifc(s) (T^ s {s),T^ 1 (s))g = g+ / T :rfc(s) (r^ s (s),u)A :Cfc(s) (u)pdu 



Because / G ©, we get that A(t)/ G Yi, a(x,t)f G Yi V£,x. Since (P - 7) _1 G 
^(Byj (X)) (by remark 4.14), we get that fi. k +i G Yi and therefore using the previous 
representations and (AO): 

r «»W Wto.^'ito) O e (ar k («),ar k+ i( S ))/i, fc+ i = r. hW (?T 00,^00) /i,*+i +°(1) 
= /i,*+i+ / T ;Efc(s) (T fe e ' s (s),w)^ rI , fc(a) («)/i, fe+ idu + o(l) 
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Therefore taking the conditional expectation we get: 
E[V k e +1 (s)fi, k+ i - V£(a)fi,k+i\J r h(s)] 

= *?(«)£ / / r Xk{s) (T* k s (s),T^(s) + v)A Xk(s) (T^(s) + v)f hk+1 dv 
yex Jo Uo 

= °(1) (< eCmi(xk(s)) for some constant C by (AO)) 



Q(x k (s),y,du) + o(l) 



and so: 



E[V£+i(s)ft+i - V k c (s)f k+1 \T k (s)] = E[V fc e +1 (a)/ - V£ 00/|-F*00] + o( e ) 



Now because / £T> and by (AO) (which ensures that the integral below exists): 
D e (x k {s),x k+1 {s))f = f + eD° 1 (x k (s),x k+ i{s))f + f (e - u)D%(x k (s),x k+1 (s))fdv 



And so using boundedness of D\ (again (AO)): 

r« hW (^*W,^iW) D e (x k (s),x k+1 (s))f 
= r« fcW (^'^»),^(«))/ + er. fcW (3]J''(,) > ^ 1 ( a ))£>?( a;fc ( a ) )3!fc+1 ( a ))/ + o(e) 



The first term has the representation by (2.13): 

r Xk(s) {T k ' B (s),T*U s ))f = f+ I ^^ A Xk(s) (u)fdu 

f T k+l l - s 'l f u 
+ / / ^x k (s)(T k ' s (s),r)A Xk{s) (r)A Xk(s) (u)fdrdu 



Taking the conditional expectation and using the fact that by (AO): sup„ x ||^4.a;(u)/||yi < 
00 > su Pu,z H^( u )llB(Yi,y) < °° and m 2 (x k (s)) < oo, we have: 



/ / r^ fc(s) (T^ (s),r)A^ (s) (r)A^( s )(M)/drdu LF fc (s) 



0(6) 



The second term has the representation, because / £T> (which ensures that Di(x, y)f € 
Yi) and using 2.8: 

eT«*W CC'(«).Z#i(»)) B!(«( S ),ft + iW)/ 

/• T fc+i( s ) 
= eD 1 (i t (s),i H i(s))/ + e / r\,, fcW (T fc e '"(s),u) J 4 rEfc{s) (u)D 1 (a; fe (s),2: fc+ i(s))/dM 

= eD?(a: h (a),a: fc+ i(a))/ + o(e) 
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f J k+iW 

/ 4 t ( s ) («)/* + £^1 (^(s),a+i(*))/ -FfcOO 



+ °(e) 



We have by the strong Markov property and the stationarity of the Markov Renewal 
process: 

E[L$(x h (8),x h+ i(8))f\r h (8)] = PD°(x k (s),.)(x k (s))f 



and: 



/ A Xk ^(u)fdu 



x k (s) = x,T k (s) — t k 






A x {v)fdv 



Q{x,y,du) 



£ / euA ^( t l' s )f+ (eu-v)A' x {t^ s +v)fdv Q(x,y,du) 
y ex J ° L Jo J 

emi(a;)>l :E (tJ,' s )/ + o(e) as sup | l-A^ (w)/| | < oo and 7712(2;) < 00. 



So finally we get: 



EIK+iM/m-i - VZ(s)fi +1 \F k (8)] = eM p V k e (s)a(x k (s),T^(s))f + o(e) 



And therefore: 



Now, let 6{t) := iV s (i 7 ' s ) + 1. Using (AO) (in particular uniform boundedness of 
sojourn times): 

Vg {t )(s)f = K(s,t)r a;( , (t) _ l(s) (t,r^ t s ) (s))_D E (a: e(t) _ 1 (s),a; e(t) (s))/ 
=> ||K (t) ( S )/-K(M)/ll < \\T mtw _ lW (t,T^ i (a))D'(x ew . 1 (a),x elt) (a))f - f\\ 
<|p*(ar fl{t) _i(«),x 8{t) (a))/-/|| + ||r iB , Ci) _ lW (t ) ^J , ) (*))/-/|| 

< esup ||£>i(*»»)/ll + TOW -*)sup||4«(t)||BCn,nll/ll*i 

e,x,y x,t 

< esup ||£>!(s,»)/|| + (T^( S ) -T^ ) _ 1 ( S ))sup||A ;c (i)|| 8(yi , y) ||/|| yi 



< esup \\D{(x,y)f\\ + er sup \\A x (t) lU^ioH/lln 

£,x,y x,t 
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And therefore: 



^ja-Ui (s)/ = K(s ' i)/ + o(1) 



Now let's prove the final step, i.e. 



n e (s,t) 



e Yl K(s,T^(s))A(T^(s))f = e £ V«(Mk(M))A (#(«,*)) / + °(1) 



k=i 
We have: 



n e (s,£) 



« E V t (a,Tt"( 8 ))A(Tt"{a))f-e £ K(s,4M))l(4M))/ 



<e ]T \\V.(s,T^(s))A(T^(s))f-K(s,tUs,t))A(tUs,t))f\\ 



m 



+ r 



n e (s,t) 



£ V r «(a,*S(» ) t))l(*J(a,t))/- E V t (s,tl(s,t))A(tl(s,t))f 



(«) 



For the second term (ii) we have: 



7l e (s,t) 



J2 K(s,tl(s,t))A(tl(s,t))f- J2 V c (s,ti(s,t))A(tUs,t))f 



<ec\N a (i^ s ) -n e (s,t)\ =C eN s (ti' s ^ 



l „\ t-s 



M 



o(l) 



whereC:= |X|sup M [mi(x)\\A x (t)\\ B{Yl , Y) \\f\\ Yl + ||PZ??(x,.)(*)||]. Now, let {r, n } C 
R + * any sequence such that r; n — > : 



sup 

te[»,T] 



We have: 



t-s 



M 



< sup 

tG[s,s + J7„] 



eJV a t 



i„\ t-s 



M D 



+ sup 

te[s+7?„,T] 



eN s (ti") 



Mo 



sup 



UH-V^ <eN 3 ((s + Vn )i' s )+ n 



M 



Mo 



and since 
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lim sup sup eN s ( t < 

e-+0 t6[s,s+?j„] 



t- s 



M 



Now, in the proof of 4.11 we showed that: 

t- s 



lim sup 



eNs It 



M D 



So finally we have on Q* := f] Q n n £l' n : 

eN s (t 
Taking the limit as r\ n — >• we get that : 



lim sup sup 

£->o te[s,T] 



2n n 
< --J- on some subset Q, n : P(fl„) = 1 
Nip 



= on some subset il n : P(J7„) = 1 



M ~ M 



lim sup eN s ( t 1 

e ^°te[s,r] 



t- s 



M p 



on fi* 



which shows that (ii) = o(l). 

For the first term (i), we begin by the same trick: 



and on 17*, Vn: 



sup (i) < sup (i) + sup (i) 

t£[s,T] t£[s,s+ Vn ] te[s+ Vn ,T] 



sup (i) < CeN s ((s + r) n )*' 
■ lim sup sup (i) < C--j- 



e— >0 tS[s,s+»7„] 



M 



Let oj £ Q*. Let 5 > 0. Because /(!P,i-> A(t)f is continuous on [s,T], and therefore 
uniformly continuous on it, therefore 3r = r(5), r < S such that: 

|«i - « 2 | < r =>• ||A(ui)/ - A(u 2 )/|| < 5 

Take a := {aj}j=o..n a any partition of [s,t] (ao = s, a„ a = i) such that ||a| < cqt, for 
some constant Co to be chosen. We have: 



J2 \\V.(sX' a (s))A(T^(s)) f -V c (s,tl{s,t))MtUs,t)) /|| 
fe=i 

% - 1 V / 

£ £ l|K( S ,T,!- s ( s ))l(r^ s ( s ))/-y £ ( s ,4( s ,t))l(4( s ,t))/|| 



3=0 



fc=JV. of + 1 
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if fee 



N s a 



+ 1,N, (a*' 



, we have T^' s (s) £ [cij, Oj+i]. Also, by definition of 



f2*, there exists r 1 (5) > such that for e < r\ we have sup te r s T i 
c\r (for some c\ to be chosen) so that: 

t- s 



eN.lt 



t%(s,t) < s + eN a a e ' 



i +1 J en e (s,t) en^{s,t) 

<s + M p ( cir + aj+ l~ S ) = Qj+i + M p dr 



t — s I a-i+i — S 

< s + — — ■ [cir + 3 + 



Mo 



We also have: 



M D 



f k (s,t) > s + e{N 3 [af + 1) 



t-8 



en e (s,t) 
Since t > s + r) n , we have $j£- > -3y- Vt £ [s + ?7„ , T] . Therefore we can find a r 2 (n, 5) 



AJ 



such that for e < r 2 : i + i am — 1 ~~ C2r ^ G I s + Vn,T], where \ c t :— jjf- and c 2 a 
constant to be chosen. So for e < n A r 2 : 



tl(s,t) > s + M p (l-c 2 r)(- 



M„ 



Cir) > C2rs + (1 — C2r)aj — M p c\r 



so that, because ||o|| < cor and choosing Co = \, C\ — gjf-, c 2 = 4^: 

l^'^s) - tl(s,t)\ < c r + 2M p cir + c 2 rT = ^r < r 
Now we have: 

||T/ £ ( s ,T,!- s ( s ))A(rr( S ))/-K( s ,4( S ,t)M(4( s ,i))/|| 

<\\A(T^%s))f~A(tUs,t))f\\ + \\(V t (sX:%s))-V4s,tUs,t)))A(tUs,t))f\\ 
Let e < n A ri. For the first term we have immediately: 

\T^(s)-tUs,t)\<r^\\A(T^(s))f-A(tUs,t))f\\<5 

For the other term, using 4.10 as we did in the proof of 4.11 we get that: 
\\(V t (s,n>°(s))-V c (s,tUs,t)))A(tl(s,t))f\\ 
<rCi+C 2 eN((s + 3r)i' 3 )+C2e sup [iV ((t + r) « •*) - N ((t - r)i' 3 )] 

V ' tS[s + 2r,T-rl L V ' V /J 



By definition of Q* 



rA? 



((s + 3r)«' 



3r 



N. Vadori and A. Swishch.uk/ 28 

and exactly as in the proof of 4.11: 

e sup \N((t + r)i' s ) -N ((t-r)i- s )} <2ar+|£- 



So that all together: 

||(V £ (s,T fc E ' a ( S )) - V t (s,tt(s,t)))A(tl{s,t))f\\ < C r < CoS for some C* G 

Finally we get that for e < ri A ri and on fi* 



sup (i)<(l + C )eN a (T-- s )S<C3S 

t£[s+Vn,T] 



This means that on f2*: lim e ^o sup tg r s+ t](*) = ^ n an< i therefore 



limsup sup (i) < -^j~ Vrt 

e->0 tS[s,T] 



M 



Taking the limit as r/ n — > we get that limsup e _,. sup tg r s T Ai) = on Q.* , which 
concludes the proof. □ 



Lemma 4.18. Assume (AO) and let f G X>, s G J and assume that for some sequence 
e n — > 0, Ml n (s)f =>■ M°(s, /) /or some D(J(s),Y) — valued random variable M^(s,f). 
ThenM°(s)f = a.e.. 

Proof. Let ^ G Y*. Then £{Ml n (s)f) is a real-valued martingale by 4.15 and using 
problem 13, section 3.11 of [4] together with the continuous mapping theorem, we 
get that l(Ml n (s)f) =>■ £{M?(s,f)). The fact that the process £(M°(s,f)) is a local 
martingale with respect to its natural filtration is a direct application of a result that 
can be found in [10] (corollary 1.19, chapter IX). We have to show that the jumps of 
(■{Ml n {s)f) are uniformly bounded. We have: 

M&Mf - K n (s)f = AK+i(*)/^i - E[A\# 1 («)/ft 1 |.F fc («)] 
where AV^^s)/^ := V^s)/^ - V^(s)fl" 

and where fj£±.i has been defined in the proof of 4.17. Then we have: 

|A^(M t E "( S )/)| = \e(AW»(s)f)\ < 2\\£\\ supllAl/^^/^H 

<4|K||(||/|| + ||/i||) 

Now, we observe that £(M^ n (s)f) is square-integrable since using its definition we get 
immediately that for some C\ , Ci G R + : 



\mt n {s)f)\<C 1 N s {t^^+C 2 



and that E 



N 3 [t 
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< oo by [7]. Now according to theorem 5.1 in [26], if we 

prove that Vi: /l(M* n (s)f)\ =>■ 0, then we get that £(M°(s,f)) is equal to the zero 

process, up to indistinguishability. In particular, it yields that Vt £ J( s ), Vf 6 7*: 
£(Mt(s, /)) = a.e.. Now, by [15] (chapter 2), we know that the dual space of every 
separable Banach space has a countable total subset, more precisely there exists a 
countable subset SCK* such that Vp £ Y: 

since P[i(M t °(s, /)) = 0, W £ S] = 1, we get M?(s,f) = a.e., i.e. M°(s,f) is a 
modification of the zero process. Since both process have a.e. right-continuous paths, 
they are in fact indistinguishable (see [12]). And so M. (s, /) = a.e.. 



Now it remains to show that Vi, the quadratic variation (l(Ml n (s)f)\ =>■ 0. Using 
the definition of Ml n (s)f in 4.15, we get that: 

(l(M^(s)f)) = Y, E^M&xOO/ - Ml"{s)f)\T k {s)} 

fe=0 

and: 

where kV^s) f k n +1 := V^s)/^ - V* "(«)/£" 
In the proof of 4.17 we proved that if / £ D, then: 

llAV^s^ll^Cen 
and therefore that: 

(^(M. £ "( S )/)) t < 4C 2 \\e\\ 2 e 2 „N s (t^' s ) a A- 

because e„A^ s (t~' a \ a -% *=2. D 

To prove our next theorem, we need the following 2 assumptions, usually fulfilled in 
practice (see section 5): 

(A2) Vs 6 J, {Ve(s, »)A(«)} satisfies the compact containment criterion in T> 
(A3) A is the generator of a regular inhomogeneous V— semigroup T 



Let's make some comments about these assumptions. About (A3), we first notice by 
2.11, that if we assume Y\ to be dense in Y as it will be the case, then T is unique. (A3) 
will in general be satisfied in practice because from the expression of A (see 4.13), we 
can write V explicitly as some average of the semigroups {F x } x ^x (see section 5). 

(A2) yields that {V e (s, »)A(»)} is T>— C-relatively compact. Indeed, in theorems 4.6 
and 4.7, the 2 other conditions are proved exactly the same way as in the proofs of 
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theorems 4.11 and 4.12, using the continuity of A on T> (recall C\ xex ^(-^z) != TJ). 

The proof of the compact containment criterion is linked to the nature of the Banach 
space Y, as we saw in 4.8, 4.9. The idea to see how it can be proved here is the following: 

For fixed to £ J{s) and / £ T>, we know that A(to)f £ Yi, and since {V e } satisfies the 
compact containment criterion in Y 1 ((Al)), 3A' = K(to, T, A, /) C y compact set 
such that: 

liminfP[V e (s,t)l(t )/ £ ^ Vt £ [a, Til > 1 - A 

What we want to prove is that, in some way, we can "put the V£o inside the probability" , 
namely 3K = K(T, A, /) C Y compact set such that: 

limmiV[V c (s,t)A(t)f eK Vie [s,T]] > 1- A 

In practice it is easy to prove, because the dependence in time of the generators A x (t) 
doesn't cause any problems when dealing with compacity in Y. For example, it is 
straightforward that it is satisfied in the case of 4.8, using some simple boundedness 
conditions. As for the case of 4.9, the reason why it is satisfied is that usually (see 
section 5): the set A e doesn't depend on / (it is only linked with the Markov Renewal 
process, i.e. the only source of randomness) and the family of functions: 

{V e (s,t)(u)A(t)f : t £ [s,T],e £ (0,1], w £ A e } 

converge uniformly to at infinity, are equicontinuous and uniformly bounded. The 
latter will be true because typically we'll have that the following family of functions 
converge uniformly to at infinity, are equicontinuous and uniformly bounded: 

[A(t)f:te[s,T]} 
That is, the time-dependence of A doesn't affect the 3 previous features. 

Theorem 4.19. Assume that T> contains a countable family that is dense in both Y\ 
andY . Under assumptions (AO), (Al), (A2), (A3), we have thatF is a B(Y) — contraction 
regular inhomogeneous Y -semigroup. Further, for every countable family {fk} Q Y and 
s £ J we have the weak convergence in the Skorohod topology D(J(s), Y°°): 

(K(s,«)/fc : k £ N) =* (f («,•)/* : k £ N) 

Remark: typically, Y = Cg 1 (R d ), Y\ = CQ 2 (R d ), and the countable family is chosen 
in Co 3 (K d ), for m < n 2 < n 3 . 

Proof. The proof can be splitted in the following steps: 

• Take {gk}keN* C "D a countable family that is both dense in Y\ and Y and 
because marginal tightness implies countable tightness, get the tightness of 
{V tn {s,»)A(»)g k , V ln {s, »)gk '■ k > 1) using (Al), (A2). By tightness, take one 
weakly converging sequence e n and the goal is to show that the limit is unique 
in distribution. 
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Carry the problem to a new probability space (fi',.F',P') where convergence 
holds a.e., by the Skorohod representation theorem. 

On a subset Q' t C Q' such that P'(fi») = 1 and using density (and complete- 
ness), construct a stochastic process Vo(s, •) with sample paths in D(J(s),B(Y)) 
such that on Q' t we have the convergence in the Skorohod topology (where the 
subscript ' denotes random variables on fi'): 

V: n (s,;g h ,A) -> V^s,.)A(.)g k , Vfc 
K"„(s,")fl* -> Vo(s,»)g k 

where Vn: 

(V en (s,*)A(.)g h ,V en (s,*)g k : k > 1) ± (V:js,;g k ,A),v: n (s,;g k ) : k > 1) 

Show the convergence of the Riemann sum of 4.17 to an integral and use 4.18 
to show the convergence of the martingale of 4.17 to the zero process on SX, so 
that Vq will satisfy the following integral equation on f2*: 



Vi{8, •)/ = /+ [' V£(s,u)A(u)fdu, V/ 



en 



• By (A3) and unicity of the Cauchy problem 2.10, show that V/ £ F, Vs £ J, 
^o'( s > , )Z mus t be the constant random variable T(s,»)/ in C(J(s),y). 

Let {gfcjfcgw C5a countable family that is both dense in Y\ and Y . As we mentioned 
it, (A2) is enough to prove that {V^(s,»)A(»)} is T>~ C-relatively compact. Indeed, 
in theorems 4.6 and 4.7, the 2 other conditions are proved exactly the same way 
as in the proofs of theorems 4.11 and 4.12, using the continuity of A on V (recall 
f\ ex V(A' X ) C V). By the latter and 4.12, the family {V £ (s, •)A(«)5 fe , V e (s, «)^ fc : k > 
1} is C-relatively compact in D(J(s), Y)°° , and in fact in D(J(s), Y 00 ) since the limit 
points are continuous. Take a converging sequence e n : 

(Ve„{s,»)A(m)g k} V e „(s,m)g k ■ k > 1) =>■ (a(s,; g k ),v (s,», g k ) : k > 1) 

By Skorohod representation theorem, we can consider this convergence to be almost 
sure, i.e. there exists a probability space (fi',.F',P') and random variables with the 
same distributions as the previous ones (denoted by the subscript '), such that: 

(Ve n (s,; g k , A),Ve„(s,; g k ) :k>l) a A' (a'(s,;g k ),v' (s,;g k ) : k > 1) 

Let g £ Y. By density, there exists a sequence (<?fc)fceN* C {gfcjfcgN* so that g k — > g. 
Let: 

B{r) := {(x,y) £ D(J(«),Y) X Z?(J(s),F) : d(x,y) < r} = d" 1 ^]) 

As the preimage of a closed set under a continuous function, B(r) is closed in D(J(s) , Y) x 
D(J(s), Y). Note that because D(J(s),Y) is separable, the Borel sigma-algebras Bor(D(J(s), Y) x 
D(J(s), Y)) and Bor(D(J(s), Y))®Bor(D(J(s), Y)) agree, so we shall not worry about 
that. 
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Since for every fci, k 2 , n the pairs {V E '„ (a, •, g kl ), K'„ (a, •, »2 2 )} and {V E „ (a, •)g kl ,V e „ (a, «)g° 2 } 
have the same distributions, we get that: 



P' [d(vUs,.,g kl ),vUs,;g° k2 )) < \\g° kl - g° k J\] 
=¥' [(VUs,.,gl),V:As,.,gl)) e BiWgl ~ glW)] 
=r[(V en (s,.)g kl ,V e Js,.)g k2 )eB(\\g kl -g k \\\)] 
=r[d(V e Js,.)g kl ,V e Js,.)g° k2 ) < \\g° kl - gl 2 \\] = 1 

Let the subset ft'* C Q': 



Q.'* ~ P| {d(V^(s,;g kl ),V^(s,;g k2 ))<\\g kl -g k2 \\} 

k\ ,fc2 ,71 

n{ lim (V r 6 '„(s,»,5fe,A),V E '„(s,»,3fc) : fc > 1) = (a'(a,«,5fc),«o(s, •,£*) :&>!)} 

so that P'(fi'*) = 1. On Q'*, the sequence (V E '„(s, •, 3°))fceN is Cauchy in D(J(s),Y) 
which is complete, therefore it converges to some V E ' re (s,»,g) as k — > oo. To see that 
K' n (s, •, g) has the same distribution as K„(s, •)</, we observe that Vi„(s, •)g r j. ^4' 
V e „ (s, •)<? (by contraction property of V Cn ) and we just invoke the unicity of the limit 
in distribution, together with the fact that Vfc: V 6 '„(a,», g k ) and V e „(s,«)pfe have the 
same distributions. Note that all the {V £ '„ ( s , •, ff) : <7 G F n G N} are defined on the 
common subset Q'* . 

We have on ST that Vn,fei,fc 2 : d(V/„ («,•,<), K' n (*,»,fl£ a )) < IK — ffg 2 1 1 ■ Since d 
is continuous, we may take the limit asn->oo and obtain that: 

d(v' (s,;g° kl ),v' (s,;g k2 )) < \\g kl - g° 2 \\, 

which by completeness shows the convergence of the sequence (v' (s, •, g k )) k efi to some 
v' (s,»,g) (which belongs to C(J(s),Y) as a limit in the Skorohod metric of elements 
of C(J(s), Y)). Now to see that the latter is the pointwise limit of V^ n (s, •, g) on Q!* , 
we observe that: 

d(v' (s, •, g), Ve„ (a, •, g)) < d(v' (s, •, g),v' (s, •, g°)) + d(v' (s, •, g° k ), V e '„ (s, •, gl)) 
+ d(V: n (s,.,g° k ),V: n (s,.,g)) 

Now, by continuity of d , || ■ || and taking the limit as p — > oo, we have on Q'*: 

d(v: n (s,;g h ),v:js,;g° P )) < \\g° k -g°\\ =► «*«, (a,., g° h ), K'„ (a, .,<?)) < \\g° h - g\\ 

Therefore first choose k such that the 1st and 3rd terms are small, then choose n such 
that the 2nd term is small. 

Now that v' (s, •, g) is well defined on Q'* for every g € Y, we want to show that on some 
subset Q! C fi'* such that P'(fig) = 1, we have v' (s, •, /i+A<?) = v' (s, •, /i) + At>o(s, •, g) 
and ||i»o(s, t, gr)|| < |.g||, Vh,g £ F, VA £ R, Vt £ ^(s), namely that for every w G Q' 
and £ e -^(s), v b( s ,~t, •)( w ) is a .6(F)— contraction. After having proved the latter, we 
will adopt the notation Vo(s,t)(u) :— v' (s,t,»)(u) to emphasize this fact. 
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Let h,g G Y, A G R. There exists sequences (/i)J)fcgN* , (fffc)fcgN* C {gfcjfegN* so that 
<7° — > g, hi — > /i and (Afc)fcgN* C Q so that A^ — > A. 

First observe the following equality in distribution: 

(Ve „(s, -)(h2 + A feS 2), K „(s, -)h2, A fc K n ( a , .) ff °) ^ (K' n (a, •, fc2 + X k g° k ), V e '„ (a, •, h2), A fc V?„ (a, •, <?2)) 

This is because Vfc, there exists a sequence (,3 p ) p gN* f= {<7 P } p gN* such that /3* — > 
/i2 + Afct;° and by contraction property of V e „ and construction of V/ n : 

(V e „ (a, •)/?£, K„ (a, •)/& A fc K„ ( S , .)s2) a ' e '^°° (K„ («, •)(&* + A fc5 g), K„ (a, •)/& A fe K„ (a, •)<?£) 

(C(a,^),K>,^2),A fe KU^ff£))^^^ 

and that: 

(KJs,.)/3 p ^KJs,.)ft2,A fe K„(s,.^)^(K'„(s,•,/3 p fe ),K;(s,•,ft°),A fc K'„(s,•,5fc)) 

and we conclude by unicity of the limit in distribution. In particular we get that 
K'„ (a, •, h° k + X k g° k ) - Vi n (s, ;h° k )- A fe K'„ (a, •, fl*) = a.e.. Let the subset «'** C £}'*: 

«'** = n'* n P| {V e '„ (a, •,fffe 1 +r.g fe2 ) - K'„(s, «,5fci) - r K'„(s, ".flfca) = 0} 

«,fcl,fc2GN, r-gQ 

so that P'(fi'**) = 1. Because the limit points v' are continuous, we have on Q,'** that: 

Ve n (s,;h° k + \ k g° k ) -V^(s,;h° k ) - X k V^(s,»,g° k ) ™^?° v' (s,;h° + X k g k ) -v' (s,; h° k ) - X k v' (s,», g° k ) 

and therefore that v' (s,», h k + X k g k ) — v' (s, • , h°) — X k v' (s,», g k ) = 0. Taking the limit 
as k — > oo (and using again the fact that the v' are continuous) yields v' (s, • , h + Xg) — 
v' (s,»,h) + Xv' (s,»,g). 

Now to show that ||vo(a, t, g)\\ < \\g\\ V<? G Y,Vt G J(s) on some subset Q' C fi'** such 
that P'(fio) = 1) we observe that because V^„ (a, •, <?&) — ► fo(a, •, g k ), and «o(a, •, <?&) — >• 
v' (s, m, g): by [4] (chapter 3, proposition 5.2) and using continuity of v' we get that Vi: 
«o(»>*>flk) -> v' (s,t,g), K'„(a,t,ff2) -> "o(M.flfc)- Since K'„(s,»,S P ) and V;„(s,«)pp 
have the same distribution, denoting S p := {a; G Z)(J(s),V) : ||a;(£)|| < ||g P ||V£ G 
J(s)} we get that P'[V e ' 7l ( s - , -5p) G S p ] = 1, say on Q,' ntP . Let Oq := fl„, p fi n, P n «'**. 
Let t G J(s). We have on Q' that: ||V E ' n (s,i, g°)|| < llfffell- Taking the limit as n — > oo, 
we get |K(a,i,s2)|| < llfffcll, and then as fc -> oo wc get \\v' {s,t,g)\\ < \\g\\. 

Now let's take some g p and show that on some Q' 00 C J7q such that P(n( )0 ) = 1: 



e " 5Z v L( s 'tk n ( s ' m )>9p,A)-> 1 - r Vo(s, 



u)A(u)g p du 



First, let's prove that a.e. (say on some £1' 00 C Hq): Vp, Vo(a, •)A(»)<? P = a'(s,»,g p ) 
By what we did before we know that V/i G V: 

(K'„ («,•,&, A), v:js, m,h)) = (V en (s,.)A(.)g p ,V en (s,.)h) 
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In particular taking t £ J(s) and h — A(t)g p : 

(Vi (s, t, g p ,A), Vi n (s, t, A(t)g p )) i (V en (s, t)A(t)g p , V ln (s, t)A(t)g p ) 

And therefore: 

¥'[V: n (s,t,g p ,A) - V:js,t,A(t)g p ) = 0] = 1, say on Q' n ^ p 

and on the other hand by continuity of the limits, we have on fi£ := f] n £l' n ,t,p l~l Sl : 
= Ve n (s,t,g p ,A)-Vz n (s,t,A(t)g p ) -> a'{s,t,g p ) - v' (s,t,A(t)g p ) 



Let f^oo : ~ ritgo ^t- Now let £ G J(s) and a sequence of rationals fc — > t. On fioo we 
have that: 

= a'(s,tk,g P ) -v' (s,tk,A(t k )g P ) - a'(s,t k ,g P ) - Vo{s,tk)A(t k )g P 



We have a'(s,t k ,g p ) — > a'(s,t,g p ) by continuity of a'. And: 
\\V^s,t k )A{t k )g p -V^ S ,t)A(t)g p \\ 

<\\V^s,t k )(A(t k )g p -A(t)g p )\\ + \\V^s,t k )A(t)g p -V^s,t)A(t)g p \\ 
< \\A(t k )g p - A{t)g p \\ + \\V^(s,t k )A(t)g p - V^(s,t)A(t)g p \\ 

where the last inequality used linearity and contraction property of Vq. The first term 
goes to by continuity of A on D, and the second by continuity of V '(s, •)A(t)g p . 

Now back to the convergence of the Riemann sum, we have on Q,' q: 

(»»e„0.») . \ 

e n Yl K'„(s,4"(s,»),3 P ,l),— / a'(s,u,g p )du\ 

I n en (s,m) n eT1 (s,«) \ 

<dle n ^T, v L( s > t i n ( s >')>9p,A),e n ^ a'(s,t e k n (s,»),g p ) + 

\ T 1 T 1 / 



fc=l fc=l 

(0 

( n£ " (s ' #) , ir# \ 

d e„ 2J Q '( s . f fc' l ( s . , ).5p),^- / a'(s,u,5 P )du J 



(ii) 



Let T > 0. Because V^' n (s, •, <? p , A) — > a'(s, •, g p ) and a' is continuous, the convergence 
in the Skorohod topology is equivalent to convergence in the uniform topology. In 



particular 



SU P \\V^(s,t,g p ,A) -a'(s,t,g p )\\ -)■ 

te[g,T] 
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Therefore we get on Qqc 



sup 

te[s,T] 



e n ^ V^ n (s,t k rl (s,t),g p ,A)~e n 2~2 a'(s,f h n (s,t),g p ) 



<e„n e „(s,T) sup ||V e '„(s,t,g p ,^4) -a'{s,t,g p )\\ -*• 

tg[s,T] 

since e n n tn (s,T) — > tj- 5 . By remark 4.16 we get (i) — > 0. 

For (ii), we proceed similarly as in 4.17. We let a sequence of positive numbers T) m — > 0. 
We have: 



sup 

te[s,T] 



n £ n ( S l0 



< sup 

te[s,s+ Vm ] 



^n\ • I If 

e„ Y, a '( s ' i fe"( s ' t )'3 P ) - YT / a'(s,u,g p )du 

n e „(.s,t) t 

£n 2~2 a '( s > 4" 0> *)>&>) ~ TT / a'(s,u,g p )du 
fc=i Mp ys 

£n ^ a'(s,tl n (s,t),g p )- —- a'(s,u,g p )du 



+ sup 



Because on fioo, a'(s, •, </ p ) = Vo(s, »)A(»)g p and by contraction property of Vq we get 
that: 



sup 



n e 7l C s j*) 



e„ V" a'(s,tl n (s,t),g p )- —- a'(s,u,g p )du 
trl M p Js 



< Cie«n e „(s, s + »7 m ) + C2??t, 



lim sup sup 

n— >ca tE[s,s+T]m] 



,0,*) 



1 r 4 „ 



e„ 2~2 a'(s,t e k n ( s , t ),9p)- -T7- \ a'(s,u,g p )du 



< C 3 T]r, 



For the other term, we proceed exactly as in the proof of 4.17: because t > rj m , we can 
refine as we wish the partition {t k n (s , £)} uniformly in t 6 [s + 7/ m ,T], namely: V5 > 0, 
3r(8, m) > such that if e n < r: 

f k n +1 (s,t)-t e k n (s,t)<r Vie [s + Vm ,T],\fke [\l,n en (s,t)\] 

and get the convergence of the riemann sum to the Riemann integral uniformly on 
[s + r}m,T], i.e. 



sup 

te[s + ri m ,T] 



This yields: 



lim sup sup 

n^oo te[s,T] 



tie*, (s.t) 

v— 1 

e n 2~2 Q '( s ' t fe"( s . i ).3p) - jjj" / a'(s,u,g p )du 



e n V" a'(s,f^(s,£),3 P ) - — - / a'(s,u,g p )du 

IV1 P Js 



< Csrim Vm 
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and therefore taking the limit as m — >• oo 

n rn (s,t) 



lim sup 

n ->°°te[ s ,T] 



, 1 /"* 

f» 5Z a '( s > 4™ («,*),&>) - ^j- / a'{s,u,g p )d 



= 



which is what we want. 



Finally we get on f2go! by continuity of the limit points: 

K'„ 0, •)&> - Sp - MpCn Yl K'„ (s, 4" ( s > •). ft» -4) -> Vo(s, •)&> -g P - Vq(s, u)A(u)g p du 
Since we have: 

Then we get, for some M,(s,g p ): 

n^ n (s,») 

K„ (»,•)»„ - ft, - M p e„ ^ V e „(s,4"(s,.))l(4"(s,.)) gp => M.°(s,<7 P ) 
fc=i 

and therefore by 4.17 that M^" (a)g p =>■ Af°(s, g p ), which yields by 4.18 that M°(s, g p ) = 
a.e., and therefore: 

Vo(s,»)3p — 9p — / Vo(s, u)A(u)g p du = a.e., say on some fi* := (|fi*(p) C Q' 00 
Js p 

Let / € Yi and i £ J(s). Since {g P } is dense in Yi, there exists a sequence f p C {<? p } -4 
/. We have on f2*: 






< II Vo (*,*)/ -Vo'Cs,*)/,!! + 



Vo(s,t)f p -f- f Vi(s,u)A(u)f 

J s 



< 2||/ P - f\\ + j \\V£(s,u)A(u)f p - V^s,u)A(u)f\\du 



< 2||/ P - /|| + ||/ P - /|k / HAHIky^dit -> 



And therefore on fi'„ we have V/ G Yi : 

Vo(a,»)f = f+ Vi(s,u)A(u)fdu 



By continuity of A on Yi ((AO)), and boundedness + continuity of Vq: t — > V '(s,£)A(£)/ G 
C(J(s), Y) on £X and therefore we have on Q' t : 

^Vb'(a,t)/ = K '(s,t)l(t)/ Vt G J(a), V/ G Yr 

Vb'(8,fl)=J 

By (A3) and 2.10, Vo(s,«)(w')/ = f(s, •)/, Vt/ G fit, V/ G Yi. By contraction 
property and density of Y\ in Y, the previous equality is true in Y. 

□ 
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5. Applications 

In this section we give an application to inhomogeneous Levy random evolutions. We 
first introduce inhomogeneous Levy semigroups. 

Let J = [O.Too], Y := C (R d ), Yi := Co(R d ). Let (SI, J",P) a probability space (possi- 
bly different than the probability space on which is defined the Semi-Markov process) 
and (Lt)teJ a process with independent increments and absolutely continuous char- 
acteristics (PIIAC), or inhomogeneous Levy processes in [13]. It is a specific case of 
additive processes that are semimartingales, which is not the case of all additive pro- 
cesses (see [13]) . For A G Bor(R d ) and z G R d we let p s ,t(z, A) - V(L t -L s € A-z), 
fi Bl t the law of L t — L s and the inhomogeneous Levy semigroup: 



T(a,t)f(z):=E\f(Lt-L a + z)]= p s , t (z,dy)f(y) = ^ t (dy)f(z + y) 

Jm d Jm d 

r is a regular B(Y)— contraction semigroup and Vn € N we have F(s,t) G B(C(}(R d )) 
and ||r(s,i)|| B / C n, M d)) < 1 (see proof in Appendix B). 

The Levy-Khintchine representation of such a process (Lt)tej (see [3], 14.1) ensures 
that there exists unique (Bt)t&j Q R d , (Ct)tej a family oidxd symmetric nonnegative- 
definite matrices and (vt)t&j a family of measures on R d such that: 

E[e i(v - Lt) ] = e i ' {u ' t \with : 

ip(u,t) :— i(u,B t ) - -(u,Ctu) + / (e {u ' v) - 1 - i (u,y) l\ y \<i)v t (dy) 
£ Jm d 

(B t ,Ct,v t )t£j is called the spot characteristics of L. They satisfy the following regu- 
larity conditions: 

• Vt G J, v t {0} = and f Rd (|yj 2 A l)v t (dy) < oo 

• (Bo,Co,vq) — (0,0,0) and V(s,t) G Aj: Ct — C 3 is symmetric nonnegative- 
definite and v 3 (A) < u t (A) \/A G Bor(R d ). 

• Vt G J, B s -> B t , (u,C s u) -> (u,C t u) Vu G R d and v a (A) -> v t (A) VA G 
Bor(R d ) such that A C {z e R d : \z\ > e} for some e > 0. 

If Vt G J, J Rd ]y|l| !/ |<i^t(dj/) < oo, we can replace Bt by B® in the Levy-Khintchine 
representation of L, where B® :— B t — J Rd yl\ y \<\Vt(dy). We denote by (Bt, Ct, i'OteJ 
this other version of the spot characteristics of L. 

In the case of PIIAC, there exists (bt)tej Q R d , (ct)teJ a family of d x d symmetric 
nonnegative-definite matrices and (ft)teJ a family of measures on R d satisfying: 

/ (N + IMI+/ (\yf M)v s (dy))ds<oc 

Bt — I b B ds 
Jo 

C t — c 3 ds 
Jo 

v t (A) = f v 8 (A)ds MA G Bor(R d ) 
Jo 
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where ||ct|| denotes any norm on the space of d x d matrices. (bt,Ct,vt)te.T is called 
the local characteristics of L. 

By [13], we have the following representation for L: 

L t = b s ds+ ^r s dWs+ I / 2/l|s,|<i(JV -v)(dsdy) + J2AL s l lALs}>1 
Jo Jo Jo Jw. d a<t 



s<t 



where for A G Bor(R d ): p([0, t] x A) :— vt{A) and N the Poisson measure of L (N—u is 
then called the compensated Poisson measure of L). (Wt)tcj is a d-dimensional Brow- 
nian motion on R d , independent from the jump process /_ J Rd yl\ y \<_i(N — v)(dsdy) + 
~^2 s<t AL s 1\al s \>i- y/ci here stands for the unique symmetric nonnegative-definite 
square root of c t . Sometimes it is convenient to write a Cholesky decomposition 
d = hthf and replace ^fci by ht in the previous representation. 

It can be shown - see [22] - that the infinitesimal generator of the semigroup V is given 
by: 

Mt )m = ± btU) §L {z)+ 1 - ± ca*)^W 

+ j^ (f(z + y)- f(z) - J2 ^-M)y(J)hv\<ij Mdy) 

and that Y 1 = C ( ?(R d ) C V{A r (t)) = V(A r ). And if 6? := b t - / Rd yl\ v \<iU t {dy) is 
well-defined: 

*(#) = tft?w|( 2 ) + ^t CtU ' k) dx~dx~ k (z) + Ij f{z + y) ' f(z))ut{dv) 

Now to introduce inhomogeneous Levy Random Evolutions, we consider (L^^gx 
a collection of inhomogeneous Levy processes on (Q, T, P) with local characteristics 
{bt{x),ct(x),u t {x)). Define for z G R d , (s,i) £ Aj, are X: 

r„(M)/(*):=E[/(L? -£? + *)]= / Plt(z,dy)f(y) 

Jm d 

This inhomogeneous Random evolution is regular, B(Y) — contraction because the cor- 
responding semigroup is. In this case and under some technical conditions, we can 
actually prove the compact containment criterion in the case where d — 1 (this result 
can probably be extended to any d). Indeed, define the jump operators: 

D € (x,y)f(z) := f(z + ea{x,y)) 

where a G B^(X x X, X <g> X), so that D"(x, y)f - a(x, y)f and Y\ C V(D 1 ). Let L 
be an inhomogeneous Levy process with local characteristics (0, 0, v t ) and JLt S) j the law 
of L t — L s . Assume that: 

i) vt(x) — vt Vx G X (the Levy measure is the same over all states) 



ii) sup^. t \bt(x)\ < r G R + and sup^. t \Ja(x) < a G R + (uniformly bounded drift 
and volatility) 



N. Vadori and A. Swishch.uk/ 39 

iii) y(s,T) £ Aj, the collection of measures {jJ-s,t}te[s,T] is tight. 

Then using 4.9, {V e } satisfies (Al), i.e. the compact containment criterion in Y\ (see 
proof in Appendix B). 

Let's make some comments about the other assumptions of 4.19. (AO) will be satis- 
fied with T> :— Co(R d ) and provided the local characteristics (bt{x),Ct(x),u t (x)) are 
bounded and differentiate. By the discussion we had just before 4.19, (A2) will be 
satisfied because from the expression of A x (t) below and boundedness of the local 
characteristics, the following family of functions converge uniformly to at infinity, 
are equicontinuous and uniformly bounded: 

{A(t)f:te[s,T]} 

About (A3), the generator A x (t) has the following expression: 

+ £ (/(* + y ) - f(z) - J2 ^rM)v(J)Mv\<A ""(<*i/) 

Keep in mind that: 

^) = W E (mi(x)Mt) + PD ( l(x,.)(x)) Px 

' p 16X 

It is clear that A is the generator of an inhomogeneous Levy semigroup with local 
characteristcs (b t ,c t ,i/ t ) given by: 

^ = 77" E ( mi W 6 < + Pa ( x , 9 )( x )) P* 
p xex 

S= y" E m 1 (x)p x c x t 

p x£X 

M d y) = jjj- E m i( x )p^t(dy) 
p xex 

In particular we check that i?t is still a Levy measure on R d . 

Appendix A: Proofs of the results in section 2 and 3 
A.l. Proof of 2.6 

Let (s,t) 6 Aj, /€ Yi. 

£r(.,t)/ = lim rQ,, t )/-r(-M)/ 

(s-k,()eAj 

i 1 ™ r(a ~^' a) ~ J r( 8 , t)/ = -Ar(«)r(«, t)/ 
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since T(s,t)f £ V(A r ). 
For s <t: 



£r( M )/= iim rQ, + M )/-r(M)/ 

r(s,s + ft) - /_.. , , , 

= - lim , r(s + h, t)f 

hio h 

(s+h,t)£Aj 



Let he.{0,t- s]: 



(T(s,s + h)-I) 



(T(a 


s + /i)- 


-I) 


(T(a, 


ft 

s + /i)- 


-I) 




ft 





r(s + h,t)f-A r (s)T(s,t)f 



T(s,t)f-A T (s)r(s,t)f 



\\r(s + h,t)f-T(s,t)f\\ 



Yl 



3(Yi,Y) 



, the last inequality holding because V(s,£) £ Aj: r(s,i)Yi C Yi. 

We are going to apply the uniform boundedness principle to show that 

(T(s,$ + h)-I) 



sup 
he(o,t-s) 



< CO 



B(Y X ,Y) 



Yi is Banach. We have to show that \/g £ Y\ : sup ( h — 9\ < °° ■ Let g £ Y\ . 

he(o,t-s] 'I II 

We have 1 1 (r(s ' s + fe) ~ J) g | I h -4° ||^r(s).g|| since Y 1 C 2?(^ r ). 3%) £ (0,t- s) : h £ 
(0,5) => || (r(3 - 3 + fe) ~ I) ff|| < l + ||Ar(s)flr||. Then, by Fi-strong t-continuity of T, h -> 



(r(s, s +fe)-/) 
(r( s , s +fa)-/) 



£ C([5,t - a]). Let M := max he [^ t _ s] 



(r(a,a + h)-J) 



Then we get 



<max(Af, l+\\A r (s)g\\)'Vhe (0,i-s]andso sup (r(a ' a + h) ~ 7) g < 

he(o,t- s ] 1 1 



hj.0 



Further, by Y\— super strong s— continuity of F, ||F(s + h, t)f — F(s,f)/||y 1 — > 0. Fi- 
nally, since r(s,t)f eV(Ar), 1 1 ^^^rfs, t)f - Ar(s)T(s, t)f\ I h -4° 0. 

Therefore we get f^-F(s, t)f - -A r (s)F(s, t)f for s < t, which shows that ^F(s, t)f = 
-A r (s)T(s,t)f ior\s,t) e Aj. 
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A. 2. Proof of 2.7 

Let (s, t) € Aj, / € Yi. We have: 

d + „ r(s,t + h)f-r(s,t)f 



. r(a,t)/= lim 

(s,t+d)eAj 



ft 



lim T(s,t) 

(s,i+»")£Aj 



(r(t,t + ft)-j)/ 
ft 
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And for h £ J: t + h £ J: 



riSjt) mt +h )-Df _ r ^ t)Mt)f 



<\\r(s,t) 



\B(Y) 



e+i 



(r(t,t + /»)-i)/ 



-^r(*)/ 



hj.0 



since / G D(A r ). Therefore % r T(s,t)f = r(s,t) J 4 r (i)/. 
Now if s < t: 

£r(.,t)/ = lim r(M)/-r(M-W 

9t y ' JJ hio ft 

(s,(-/i)6Aj 



lim T(s.t-h) 

(s,t-h)eA i7 



(r(t-M)--O/ 
ft 



For ft € (0,£-s]: 



r (8lf - fe ) MzMzJ)/ -r MW i)/ 



ft 



< \\T(s,t-h)\\ B(Y) 



(T(t-h,t)-I)f 



ft. 



+ \\(r(s,t-h)~r(s,t))A T (t)f\\ 



-Ar(t)f 



Since / € V(A T ), 



(T(t-h,t)-I)f 



h\M 



A r(t)f\\ -3 0. By F-strong i-continuity of T: 



hJ-0 



||(r(s,t — ft) — r(s,t))Ar(t)/|| — > 0. By the principle of uniform boundedness to- 
gether with the Y— strong t-continuity of V, we have sup hs , t _ 3 i ||r(s,t — /i)||s(y) < 
su Pfee[o,*- s ] ||T(s,t — /i)||s(y) < oo. 

Therefore we get ^F(s,t)f = T(s,t)A r (t)f for s < t, which shows ■§ i F(s,t)f = 
r(s,t)A r (t)f for (s,t) € Aj. 
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A. 3. Proof of 2.8 

Let / e Yi, (s,t) e A,/. First u — > F(s,u)Ar(u)f € By([s,t]) as the derivative of 
u — > r(s, u)f . By the principle of uniform boundedness together with the Y— strong 
t— continuity of V, we have M : = sup uG r s t i ||r(s,u)||g(y) < oo. We then observe that 
for u € [s, £]: 

\\T(s,u)A r (u)f\\ < M\\A r (u)f\\ < M\\A r ( u )\\ B{YuY) \\f\\ Yl 

A. 4. Proof of 2.10 

Let (s,u),(u,t) £ Aj, f £ Y\. Consider the function <j> : u — » G(u)T(u,t)f. We are 
going to show that <j>'(u) = Vu £ [s,£] and therefore that cj>(s) — 4>(t). We have for 
u < t: 

< LA(u)= lim hG{u + h)T{u + h,t)f-G{v)T{u,t)f] 
he(o,t— u] 

Let h £ (0, t - u}. We have: 



-[G(u + h)F(u + h, t)f - G(u)F(u, t)f] 

^G(u + h)T(u, t)f - jG{u)T{u, t)f - G(u)A r (u)F(u, t)f 



+ \\G(u + h)\\ B(Y) 



(i) 

ir(u + h, t)f - ir( W) t)f + a t (u)t(u, t)f 



(2) 



+ \\G(u + h)Ar(u)T(u,t)f-G{u)A r (u)T(u,t)f\\ 



0) 



And we have: 



(1) — > as G satisfies the initial value problem and F(u, t)Y\ C Vi 

(2)->0 as -?-T(u,t)f = -A r (u)T(u,t)f 

au 

(3) — > by Y-strong continuity of G 

Further, by the principle of uniform boundedness together with the Y— strong conti- 
nuity of G, wehavesup /te((M _ u] ||G(u + /i)|| B( y ) <sup he[at _ u] \\G(u + h)\\ B(Y) < oo. 

We therefore get ^-{u) = 0. Now for u > s: 



< LA( U ) = lim hG(u)T(u,t)f-G(u-h)T(u-h,t)f] 

au hio h 

he(0,u — s] 
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Let h 6 (0, u - s] 



- [G(u)r(u, t)f- G(u - h)T(u - h, t)f] 

^G(u)T(u, t)f - iG(« - h)T(u, t)f - G(u)Ar(u)T(u, t)f 



+ \\G(u-h)\\ B{Y) 



(4) 

-±r(« - h, u)r( u , t)f + jT(u, t)f + i4r(tt)r(u, t)f 



(-») 



+ \\G(u)A r (u)T(u,t)f - G(u - h)A T {u)T{u,t)f\\ 

(6) 

By the principle of uniform boundedness together with the Y — strong t-continuity of 

G, we havesup he(0iU _ s] ||G(u-h)|| B(y) < sup he[0u _ s] \\G{u - h)\\ B(Y) < oo. And: 

(4) — > as G satisfies the initial value problem and T(u,t)Yi C Y\ 

(5) ^ as r(«, i)Yi C Yi 

(6) — > by Y-strong continuity of G 

We therefore get -j-^(m) = 0. 

4.5. Proo/ of 2.13 

Since F is regular and /, .Ar(u)/ £ Y\ and u — > || J 4r(w)||g(y 1 y) is integrable on [s,t] 
we have by 2.8: 



r(a, *)/ = /+/ r( s , w )Ar(u)/d M = / + 



4r(«)/+ / r(s,r)>lr(r)>lrH/dr 



c/u 



/ + 



/ A r (»/du 



+ 



r(s, r)A r (r)A T (u)fdrdu 



If <?i : [s, t] — > K and <?2 : [s, £] — > Y are differentiable functions, and giff^ 9i32 are 
Bochner integrable on [s, t], then we have by the Fundamental theorem of Calculus for 
the Bochner integral: 

gi(t)g2(t) - gi(s)g 2 (s) = / (g 1 g 2 )'{u)du= I g' 1 (u)g 2 (u)du + gi(u)g' a (u)du 

J s J s J s 

With gi(u) := (t — u) and (/2(u) := f u T(s,r)Ar(r)Ar(u)fdr. We have shown that 
g[g 2 is integrable on [s,i\. Provided we show that: 

a ru ru 

g' 2 {u) = ^ / r(a, r)Ar(r) A r (u)fdr = r(s, u)^(«)/ + / r(a, r)A r (r)^H/dr 



the fact that gig' 2 is integrable on [s, t] by assumption ends the proof. 
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hm — 

h->0 h 

(s,u + h)£Aj 



hm — 

Pl->-0 h 

(s,u+h)£Aj 



We have: 

4- f r(s,r)A r {r)A r {u)fdr 
du J s 

/>u-\-h ru 

I r(s,r)Ar(r)A T (u + h)fdr - / T(s, r)A r (r)A r (u)fdr 

J S J S 

ru-\-h ru 

I r(s,r)Ar(r)A r (u + h)fdr- / T(s, r)A r (r)A r (u + h)fdr 

J s J s 

T(s, r)Ar(r)A r (u + h)f - F(s, r)A T (r)A T {u)fdr 



+ 



By the principle of uniform boundedness together with the Y— strong t-continuity 
of r, Yi— strong continuity of At we have Mi :— sup rg r s t i ||r(s,r)||g(y) < oo and 
M2 := sup r6 r s t i I |^4r(r)||e(y 1: i') < 00. Let h G (0,t — u] (the proof is the same for 
h G [s-«,0)): 



/ -r(s,r)Ar(r)Ar(u + h)f - -r(s,r)Ar(r)Ar(u)f ~r(s,r)Ar{r)A' r {u)fdr 

ru 

< / l|r(«,r)|| BW ||Ar(r)|| BC y liy) 

J s 

< e(u - s)M 1 M 2 for \h\ < S u since / G T>(A' T ) 



~A r (u + h)f - ^A r (u)f - A' r (u)f 



dr 



We have also 

u-\-h 

h 



-1 ru-\-h -1 ru 

- F{s,r)Ar{r)A r (u + h)f-- r(s,r)Ar(r)A r (u + h)fdr -T(s,u)A r (u)f\ 

i y" I>, r)Ar(r)Ar(u + h)fdr - T{a, u)A 2 T {u)f 

I ru + h 

Tl J \\r(s,r)\\ B{Y) \\Ar(r)\\ B(Yl , Y) \\Ar(u + h)f - A T (u)f\\ Yl dr 



(i) 



+ 



If \\r(s,r)\\ B(Y) \\A r (r)A r (u)f - A r (u)A r (u)f\\dr 



.2) 



u + fc 



+ i/ ||r(»,r)A?(u) 



Ci) 



Therefore: 



(1) -> since / G 2?(Ar) and Mi, Ma < 00 

(2) — > by Yi — strong continuity of Ar and Mi < 00 

(3) — > by Y — strong t-continuity of V 
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A. 6. Proof of 3.3 

The fact that V(s,t) £ B(Y) is straightforward from the definition of V. The semi- 
group property comes from straightforward computations. Then, we will show that 
u — > V(s,u)(uj) is Y— strongly continuous on each [T„(s),T n +i(s)) (~l J(s), n £ N and 
y-strongly RCLL at each T„ +1 (s) £ J (a), n £ N. Let n £ N such that T„(s) £ J(s). 
Vt £ [T„(s),r n+ i(s)) n J(s), we have: 



V(s,t) 



jT Xk _ lis) (T k _ 1 (s),T h (s))D(x k - 1 (s),x k (s)) 



Tx n (s) (T n (s),t) 



Therefore by Y— strong t— continuity of F, we get that u — > V(s,u)(oj) is Y— strongly 
continuous on [T n (s), T n +i(s)) n J(s). If T n +i(s) £ J(s), the fact that V(s,») has a 
left limit at T„+i(s) also comes from the Y— strong t— continuity of F: 

V(s,T n+1 (s)-)f = limG*r* n(s) (T„(s),T n+ i( S ) - ft)/ = G s n F Xn(s) (T n (s),T n+1 (s))f 

n 

G 3 n ^l[r Xk _ lM (T k _i(s),T k (s))D(xk-i(s),Ms)) 

fe=i 

Therefore we get the relationship: 

V(s,T n+1 (s))f = V( S ,T n+1 ( S )-)D(x n (s),x n+ i(s))f 

We notice therefore why we used the terminology "continuous inhomogeneous Y— random 
evolution" when D = I. 

A. 7. Proof of 3.4 

Let s £ J, u £ fi, / £ Y\. We are going to proceed by induction and show that Vn £ N, 
we have Vt £ [T n (s),T n+1 (s)) n J(s): 

V(s,u)A x(u) (u)fdu + ^2V(s,T k (s)-)[D(x k -i(s),x k (s)) - I}f 

For ra = 0, we have Vi £ [s,Ti(s)) D J(s): V(s,t)f — F x (a)(s,t)f, and therefore 
V(s,t)f = / + f* V(s,u)A x(u) (u)fdu by regularity of T. 

Now assume that the property is true for n — 1, namely: Vi £ [T n _i(s),T n (s)) D J(s), 
we have: 

V(s,t)f = f+ f V(s,u)A x(u) (u)fdu + J2y(^T k (s)-)[D(x k - 1 (s),x k (s)) - I]f 
Ja fc=i 

Therefore it implies that (by continuity of the Bochner integral) : 

V(s,u)A x(u) (u)fdu+J2 V(a,T h {s)-)[D{x k -i(a),x k {a)) - I]f 

fc=i 
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Now, Vt G [T n (s),T„ + i(s)) n J(s) we have that: 
V(s,t) = G s n r Xn(s) (T n (s),t) 

n 

G s n ~Y[V Xk _ l{a) {T k ^{s),T k {s))D{x k ^{s),x k (s)) 
fe=i 

and therefore Vi G [T n (s),T n+ i(s)) n J(s), by 2.7 and regularity of T: 

~V(*,t)/ = V(«,t)A.(t)(*)/ =► V(s,t)f = V(a,r„(a))/+ / V{s,u)A x(u) {u)fdu 

Further, by the proof of 3.3 we get V(s,T n (s))f = V(s,T n (s)~)D(x n -i(s),x„(s))f. 
Therefore combining these results we have: 

V(8,t)f = V(a,T n (8)-)D(x n -i(a),x n (a))f+ [ V(s,u)A x{u) (u)fdu 

JT n (s) 

= V(s,T n ( S )-)f+ [ V(s,u)A x(u) (u)fdu + V(s,T n (s)-)D(x n . 1 (s),x n (s))f-V(s,T n (s)-)f 

JT n (s) 

V(s,u)A xiu) (u)fdu + ^2V(s,T k (s)-)[D(x k -i(s),x k (s)) - I]f 



+ [ V(s,u)A x{u) (u)fdu + V(s,T n (s)-)D(x^ 1 (s),x n (s))f-V(s,T n (s)-)f 

JT n (s) 

/t n 

V(s,u)A xiu) (u)fdu + J2y^T k (s)-)[D(x k . 1 (s),x k (s)) - I]f 
fc=i 

Appendix B: Proofs of the results in section 5 

B.l. Proof that T is a semigroup and that Vn £ N we have 



T(s,t) 6 23(C?(R d )) and ||r(«,t)|| 8(0ff(H d 



< 1 



For n, d G N*, let N d) „ — {a G N d : ]T d =1 «(*) < n }- The s P ace CS(R d ) (resp. C£(R d )) 
denotes the space of functions / : R d -> R for which d a f G C (R d ) (resp. Cj,(R d )) 
Vq G Nd,n- This space is Banach for the norm: 

1 1/| | := max ||9 Q /||oo 

a a f ■= L 

J ' ar (1) -a d Q(d) 

Let for (s,t) G Aj: T(s,t)f(x) := E[/(L t - L s + x)] = f udPs , t (x,dy)f(y) for / G 
-Bg(R d ). By linearity of the expectation, T(s,t) is linear. Further, T satisfies the semi- 
group equation because of the Chapman-Kolmogorov equation. Now let's show that 
Vn G N we have T(s,t) G Z3(CJ(R d )) and ||r(s, i)|| e(c „ (Kd)) < 1. Let Y := C (R d ). 

Let's first start with C (R d ). Let / G Co(R d ). By ([23]), we get the representation 
T{s,t)f(x) = j d /j, 3 .t(dy)f(x + y), where fj, Si t is the distribution of L t — L s , i.e. 
ju 8 ,t(A) = P(L t - L s G A) for A G Bor(R d ). 
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Let x G R d and take any sequence (x„)„6N C R d : x„ — >■ x and denote <?„ := y — > 
f(x n +y) G C (R d ) and g ■— y -> f(x + y) G C (R d ). By continuity of/, g„ -^ y point- 
wise. Further, |y„|| = ||/|| G L^(R d , Bor(R d ), [i s ,t). Therefore by Lebesgue dominated 
convergence theorem, we get lim^oo F(s,t)f(x n ) - J Rd lim^oo ^^ t {dy)f(x n + y) — 
J Rd fi s , t (dy)f(x + y) = T(s,t)f(x). Therefore T(s,t)f G C(R d ). By the same argument 
but now taking any sequence (a; n ) n£ n C R d : \x n \ — >• oo, we get lini| :E |_ >00 T(s, t)f(x) = 
and therefore T(s,t)f G C (R d ). 
Further, we get: 



|r(a,t)/(*)| = 



Vs.t(dy)f(x + y) 



f u s , t (dy)\f(x + y)\< f 

Jm d Jr 



u s , t (dy)\f(x + y)\< / ^. t (dy)||/|| = ||/| 



and therefore \\T(s,t)\\ B(CaiRd)) < 1. 



Let x G R d , / G C^(R d ) (q > 1). Take any sequence (h„) ne n Q R*: h n ->• 0, j G [|1, d|] 
and f n ,j(x) :— f(xi, ...,Xj + h„, —,x d )- Then: 

^-((T(«,t)/)„j(a;)-r(fl ) t)/( a ;))= / iu,t(dy)^-(fnj(x + y)- f(x + y)) 

Let g n := y -> £(/ B ,i(as + y) - /(a + y)) G Co(R d ) and 5 := y -> J£(x + y) G 
Co(R d ). We have <?n — >■ y pointwise since / G Co(R d ). By the Mean Value theorem, 
Bzj(n,x,y) G [-\hn\, \h n \] : g n (y) = ^-(xi+yi, ...,Xj+yj+Zj(n,x,y),...,x d +Vd), and 

therefore \g n (y)\ < \\-§J-\\ £ i|(R d , Bor(R d ), ^ Sjt ). Therefore by Lebesgue dominated 
convergence theorem, we get: 

9r(M)/ -(*)=/ ,sAdy)^ { x + y) 



Using the same argument as for Co(R d ), we get that F(s,t)f G Cq(R ) since ■§£- G 

Co(R d ) Vj G [|l,d|]. Repeating this argument by computing successively every partial 
derivative up to order q by the relationship d a T(s,t)f(x) = L d jj,s,t(dy)d a f(x + y) 
Vq G N d ,„ we get F(s,i)/ G C* 9 (R d ). 

Further, the same way we got ||r(s,i)/|| < ||/|| for / € Co(R d ), we get for / G C^(R d ): 
\\d a r(s,t)f\\ < \\d a f\\ Va G Nd,,. Therefore max aeNdq ||c< Q r( S ,i)/|| < max Q6Nd q ||cP/|| 

=> |r(s, t)/||cg(R d ) < ll/llc«(Rd) =>■ l|r(«,t)|| B ( C 9( K <j)) < i. 



B.2. Proof that T is Yi — super strongly s-continuous, Y — strongly 
t- continuous 

Let (s, i) G Aj, / G Yi and /i G [-S, t — s]: 

||r(fl + ft,t)/-r(a,t)/|| n = max ||9 Q r( s + ^,t)/-9 Q r(t, s )/|| 

= max ||r(s + /i,t)9 Q /-r(t,s)9 Q /-|| 

Let a G Nd,m and {fo n } n6 M C [— s,t — s] any sequence such that h n — > 0. Let £ n := 

p 
L ( — L s+ h n and S := L t — L s . We have S n — ► 5 by stochastic continuity of additive 
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processes. By the Skorokhod's representation theorem, there exists a probability space 
(Q' , J r ' ,¥') and random variables {S^jneN, S' on it such that S n — S' n , S — S' and 
S' n "4' S". Let x G R d , we therefore get: 

|r( s + h n ,t)d a f(x) - r(i, s)d a f(x)\ = \E'[d a f(x + s' n ) - d a f(x + s')]\ 

<E'\d a f(x + s' n )-d a f(x + s')\ 
=> \\r(s + h„, t)d a f - r(i, s)d a f\\ < su P E'\d a f(x + s' n ) - d a f(x + s')\ 

x£m d 
< E'[sup \8 a f(x + S' n ) - O a f(x + S')\] 

Further, since d a f G Y, d a f is uniformly continuous on R d and Ve > 0, 35 > 0: 
\x-y\ < 5 => |9 Q /(a;) - <9 Q /(y)| < e. And because S4 a -4' 5', for a.e. w' G £1', 
3N(u') G N : n > N(u') => \S' n (w') - S'(u')\ = \x + S' n (^') - S"(w') - x\ < 5 Vie 
R d ^ \d a f(x + S' n {u'))-d a f(x + S'(uj'))\ <e Vz GR d . Therefore we have that g n := 
snp xeRd \d<*f{x + S' n ) - 8 a f(x + S')\ a A- 0. Further \g n \ < 2\\d a f\\ G L&tf, F,P). 
By Lebesgue dominated convergence theorem we get: 

lim E'[sup \d a f(x + S' n )-d a f(x + S')\] = 

We can notice that the proof strongly relies on the uniform continuity of /, and there- 
fore on the topological properties of the space Co(R d ) (which Cb(R d ) doesn't have). 
We prove that F is Y— strongly t-continuous exactly the same way, but now consid- 
ering Y n :— Lt+hn ~ L s and any sequence {ft„}„ 6 j C K such that h n — > 0, where 
K ~ [s - t, T^ - t] if J = [0, T^] and K ■- [s - t, 1] if J = R+. 



B.3. Proof that T is regular 

By Taylor's theorem we get V/ G Yi, t € J, X, y G R d : 



f(x + y)-f(x)-Y / ^l(x)yU) 



dxj 



1 d 

oM 2 E 



d.f 



d d 



2 lal ^ dx 3 dx k ' 



< Y \v\ I l/l In 



>\\Ar(t)f\\<\\f\\ Yl 



E i 6 *ooi + \ E i c '^ fc )i + 2j/ ^i > x > + t / m 2 ^) 



;=i 2 i,fc=i 

rf 



^r(i)|| 8(yi ,r)<El fe 'WI + J E |ct(j,fc)|+2^{M>l} + ^ / |y| a i^(dy) 



3=1 j,k = l • / I H ^ 1 

, observing that ^t{|yj > 1} + /, , <:L |y| 2 ^t(dy) < oo by assumption. Therefore by inte- 
grability assumption on the local characteristics and theorem 2.8, we get the regularity 
of r. 



B.4- Proof that V e satisfies the compact containment criterion in Y\ 

We want to prove 4.9. Here we will assume - for sake of clarity - that the diffusion 
parts of the processes L x are driven by the same brownian motion W . The proof can 
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be extended straightforwardly to the general case where the \X\ brownian motions W x 
axe imperfectly correlated, expressing each one of them as a linear combination of \X\ 
independent brownian motions (Cholesky). 

We showed V t is a B(Y\)— contraction, so it remains to show the uniform convergence 
to at infinity. We have the following representation, for u>' £ Q (to make clear that 
the expectation is wrt u) and not u'): 



Vc(s,t)(u;')f(z)=E 



f[z+ b u {x{u-' a ){J))du+ Jc u (x(uT^)(oj'))dWu + L t ~L 



fe=i 



Let: 



9u',t,c( Z ) = E 



f[z+ b u (x(u-' B )(uj'))du+ <Jc u (x(uT' a )(oj'))dW u 



+ ^2 ea(xk-i(s)(cj'),Xk(s)(cj')) 



)\ 



fe=i 
and if N stands for the normal distribution, define: 

Z\ ■- I \Jc u (x(uh s )(Lu'))dWu, so that Zi ~ JV (o,cr? := / Cu{x(u< ,a )(w'))du 
Z 2 ~ a(W T - W s ) so that Z 2 ~ N (0, o\ := a 2 (T - s)) 

Let 8 > 0. There exists kg > such that P[|^2| > kg] < 2 \tf\\ ■ Since a\ < a 2 , then 
P[|Zi| > kg] < ¥[\Z 2 \ > kg] < 2i^|j. And letting B := {\Zi\ > kg}: 



E 

\ J s J s 

w.(ti.') (u ') N 

+ 22 ea(xk-i(s)(u'),Xk(s)(uj')) 

fc=i 



Is/ 2+/ b u (x(u-- a )(oj'))du+ Jc u (x(ui' s ){u>))dWi 



< WfWHB) < 



To define yr E , we do the following: since lim^oo —j^- = -ji- a.e., then in particular 
— jl —¥ ■£- and therefore 3eo > : 



e < e 



eN 3 T-- s ) < 1 + 



T-s 



Mo 



> 1 



In addition, since P \N S ( T c ° '" ) < oo =1, and because every probability measure on 
a Polish space is tight (here K is Polish), 3no £ N : 

v\n s (t^ ,s ) <nol >!- — 
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so that Ve G (0, 1], letting noo := ( 1 + 



V n : 



[eNstri-^ <noo] = P(.4 S ) 



> 1-A 



Note that noo only depends on T, s and A. Now, 3cs > 0: \z\ > cs => \f(z)\ < ^- We 
have for iq' £ A e and \z\ > Cs := c.$ + \\a\\n m + k$ + r(T — s): 



E 

w.(ti.') (u ') N 

+ 2j ea(a;)b_i(s)(w'),Kfc(s)(w')) 



lflc/ 2+ / b u (x( U -' a )(Lu'))du+ dc u (x(u7' S ){LU>))dW, 



8 -.,„„* 5 
< ^(B") < ^ 



so that |<? w ',t je (2)| < 5 for |z| > C5 (uniform in cj',t,e). Now we have that: 

v r e (» ) t)(w')/ = rz(8,tW I t, e> 

where Tj; is the inhomogeneous semigroup corresponding to i, so that: 
V;0,£)(a/)/(;s) = / Jis,t(dy)9u,',t,e( z + y) 



By tightness _of the family {/x*,t}te[*,T]> ^C s > : Ms,t{|l/| > Cs} < 8 Vi G [a,? 1 ]- Let 
c| := 2(Ci V Cj) and we have for \z\ > c|, observing that 1 1 f?^' ,t,e 1 1 < ll/ll : 

v^s,t)(uj')f(z) = / _ jisAdv)gu',t,e( z + v)+ / _ V>s,t{ d y)9u>,tA z + y) 

J\v\<Cx J\u\>Cj, 



'\y\<c s 



|y|<Ci 



M s ,t(dy)|flr w -, t , e (2 + y)| + ||/IKt{|y| > C*} 



But |2/| < Cs =» |z + 2/| > |z| - |y| > cj - C* > G5 =» |3 W ', M + 2/)l < 8, and so 
|V e (*,t)(a/)/(z)|<«J(||/|| + l). 

Because c| is uniform in u/, i and e, we have finished the proof. 
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